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Obor studia: Matematické modelováńı

Školitel: Prof. RNDr. Karel Kozel, DrSc.
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FJFI ČVUT, Brehova 7, 115 19, Praha 1

Doc. Ing. Jaroslav Fořt, CSc.
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1 Objectives of the work

The main goals of this work can be summarized in the following few
points, the red ones are the major ones:

1) Definition of mathematical model – counting a set of partial
differential equations general enough to describe the ABL flow

2) Definition of turbulence model one of the most important
part of this work since two different models have been described
in detail then validated and compared

3) Definition of boundary conditions – for all computed quan-
tities, depending on the choice of turbulence model and the way
of integration of equations, either to a solid wall or using a wall–
function concept. One of the presented real–case problem is de-
voted to both wall modelling approaches.

4) Definition of suitable numerical method – accurate enough
and easy to implement

5) Validation of the models – one of the key practical part of
this work since it gives an idea about the degree of a credibility
of the mathematical model to represent the real world

6) Application of the model to a real–case ABL problems –
a number of practical real–case 2D and 3D problems have been
defined and evaluated and some of them compared with the other
numerical results by the other author as well.
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2 Mathematical model

The atmospheric boundary layer flow in our case is supposed to be
viscous, turbulent, stratified in general and moreover it can be ap-
proximated by the incompressible fluid Jaňour (2001) [1]. Hence the
unknown variables to be determined are: the pressure p, the veloc-
ity vector ~v = (u, v, w )T and the potential temperature Θ. In order
to account for a pollution dispersion, one has to add the transport
equation for the concentration C as well.

The system of governing equations is based on the full Reynolds av-
eraged Navier–Stokes equations (RANS) written in the conservative
form. The closure of the problem is performed by either a simple al-
gebraic turbulence model or a more sophisticated two–equation k − ε

turbulence model as follows.

2.1 RANS system with algebraic turbulence model – (S1)

The system includes the continuity equation, the momentum equations
and the transport equations for the concentration of passive pollutant
and for the potential temperature, Jaňour (2001) [1]. The vector form
is

~Fx + ~Gy + ~Hz = ~Rx + ~Sy + ~Tz + ~f (1)

where ~F , ~G, ~H represent the inviscid fluxes, ~R, ~S, ~T abbreviate the
viscous ones and ~f denotes the vector of volume forces

~F = (u, u2 +
p

%
, uv, uw, Cu, Θu )T ,

~G = (v, vu, v2 +
p

%
, vw, Cv, Θv )T ,

~H = (w, wu, wv, w2 +
p

%
, Cw, Θw )T ,

~R = (0, Kux, Kvx, Kwx, K
(C)Cx, K

(Θ)Θx )
T ,

~S = (0, Kuy, Kvy, Kwy, K
(C)Cy, K

(Θ)Θy )
T ,

~T = (0, Kuz, Kvz, Kwz, K
(C)Cz, K

(Θ)Θz )
T ,

~f = (0, fv, −fu, −g, 0, 0)T (2)
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and the turbulent diffusion coefficients are computed from

K = ν + νT , K(C) =
D

%
+

νT
σC

, K(Θ) =
k

%cp
+

νT
σΘ

(3)

where σC , σΘ denote the turbulent Prandtl’s numbers and the turbu-
lent viscosity νT is given by

νT = l2
[(∂u

∂z

)2
+

(∂v

∂z

)2]1/2
(4)

where l denotes the mixing length and due to Blackadar (1962) [2] we
have

l =
κ(z + z0)

1 + κ(z+z0)
l∞

(5)

where κ ∈< 0.36, 0.41 > is the von Karman constant and z0 denotes
the roughness parameter, l∞ refers to the mixing length in the free
atmosphere.

2.2 RANS system with k − ε turbulence model – (S2)

Two additional transport equations for the turbulent kinetic energy
(t.k.e.) and the rate of dissipation of the t.k.e. have to be incorpo-
rated into the system (S1) where the potential temperature equation
is dropped out since this model is suitable for the indifferent atmo-
spheric stratification, Jaňour (2001) [1]. The vector form of system
is

~Fx + ~Gy + ~Hz = ~Rx + ~Sy + ~Tz + ~f + ~q (6)

where notation is similar as in the above case concerning the vectorial
form of the system (S1) apart ~q which represents the source term
vector

~F = (u, u2 +
p

%
, uv, uw, Cu, ku, εu )T ,

~G = (v, vu, v2 +
p

%
, vw, Cv, kv, εv )T ,

~H = (w, wu, wv, w2 +
p

%
, Cw, kw, εw )T ,

~R = (0, Kux, Kvx, Kwx, K
(C)Cx, K

(k)kx, K
(ε)εx)

T ,
~S = (0, Kuy, Kvy, Kwy, K

(C)Cy, K
(k)ky, K

(ε)εy)
T ,
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~T = (0, Kuz, Kvz, Kwz, K
(C)Cz, K

(k)kz, K
(ε)εz )

T ,
~f = (0, fv, −fu, 0, 0, 0, 0 )T ,

~q = (0, 0, 0, 0, 0, (P − ε), (Cε1f1
ε

k
P − Cε2f2

ε2

k
) )T . (7)

where the new turbulent diffusion coefficients read

K(k) = ν +
νT
σk
, (8)

K(ε) = ν +
νT
σε
. (9)

The turbulent viscosity νT is given by

νT = Cµ fµ
k2

ε
. (10)

where the wall damping functions fµ, f1, f2 are defined by the following
relations, Speziale et.al. (1992) [3]

fµ =
(

1 +
3.45√
Ret

)[

1− e(−
z+

70 )
]

, (11)

f1 = 1, (12)

f2 =
[

1− e(−
z+

4.9 )
]2

(13)

where Ret =
k2

νε and the model constants read

Cµ = 0.09, σk = 1.0, σε = 1.3, Cε1 = 1.44, Cε2 = 1.83. (14)

2.3 Boundary conditions

Very important part of mathematical modelling is related to specifi-
cation of boundary conditions, mainly close to a wall where we can
distinguish a two different approaches:

• integration directly to a wall: the grid should be sufficiently fine
in the wall–normal direction to resolve a steep gradients of the
computed quantities.

– Velocity components: the no–slip condition

u = 0, v = 0, w = 0. (15)
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– Concentration: no sedimentation allowed

∂C

∂z
= 0. (16)

– Turbulent kinetic energy: viscous effects dominates close to
a wall and t.k.e. is therefore dissipated

k = 0. (17)

– Dissipation rate: usually one of the following two possibilities
is used

∂ε

∂z
= 0, ν

∂2k

∂z2
= ε, 2ν

(∂
√
k

∂z

)2
= ε. (18)

• use of a wall functions: it bypasses the direct integration to a wall
and instead of it the profiles of velocity, temperature and other
quantities are obtained from an analytical expressions. Since the
grid need not to be so fine in the wall vicinity the computational
process is much faster, but there are some limitations like e.g.

flow separation.

– Velocity magnitude U : in the case of indifferent stratification

U

uτ
=

1

κ
ln

(z + z0
z0

)

(19)

where z0 is the roughness parameter, U denotes the velocity
magnitude at wall–distance z and uτ refers to the friction
velocity.

– Concentration: no sedimentation allowed

∂C

∂z
= 0. (20)

– Turbulent kinetic energy: it is possible to derive

k =
uτ

2

√

Cµ

. (21)

– Dissipation rate: it is possible to derive

ε =
uτ

3

κ(z1 + z0)
. (22)
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The integration of governing equations goes from particular level
z = z1 and above it. A typical value for z1 is around 50 m. The
computed profiles are then patched together with the analytical
ones at the level z = z1.

Remark

A realization of conditions for pressure next to solid wall is set to fulfill
the following expression

∂p

∂n
= 0 (23)

that is consistent with the normal momentum equation at solid wall.
Through the open boundary, the pressure is extrapolated which en-
ables the pressure waves to leave the computational domain without
reflection back.
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3 Numerical method

3.1 The artificial compressibility method

The systems (S1) and (S2) describe the steady, viscous, incompress-
ible, turbulent flow and they are modified by the artificial compress-
ibility method. As a result, the continuity equation takes the form

1

β2
pt + ux + vy + wz = 0 (24)

where the β parameter stands for the artificial sound speed. So now,
we can rewrite the vector form of the both systems (S1) and (S2) as
follows

P · ~Wt + ~Fx + ~Gy + ~Hz = ~Rx + ~Sy + ~Tz + ~f + ~q (25)

where the vector ~W of unknown variables reads

~W = (p, u, v, w, C, Θ)T for the (S1)–system, (26)
~W = (p, u, v, w, C, k, ε )T for the (S2)–system (27)

and the matrix P looks

P =

















1
β2 0 . . . 0

0 1 . . . 0
...

... . . . ...
0 0 . . . 1

















. (28)

Now, the unsteady system of equations (25) is solved under
the stationary boundary conditions, for an artificial time t→
∞ to obtain the expected steady–state solution of the given
problem for all of the variables (26) or (27).

3.2 Numerical treatment of the (S1), (S2)–systems

The numerical method is on the basis of the finite volume method of
cell–centered type, applied to the systems of governing equations (S1)
or (S2), respectively.

The computational domain Ω is divided into the structured system of
a hexahedral control cells Ωijk in each direction of the Cartesian coor-
dinate system. This system of control cells forms the non–orthogonal
finite volume mesh.
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Both systems (S1), (S2) written in compact vector form (25) are inte-
grated over each control cell Ωijk

∫∫∫

Ωijk

P · ~Wt dV = −
∫∫∫

Ωijk

[(~F − ~R)x + ( ~G− ~S)y + ( ~H − ~T )z] dV +

+
∫∫∫

Ωijk

(~f + ~q) dV. (29)

Using the “Divergence theorem” and the “Mean value theorem” one
can rewrite (29) to the form

P · ~Wt|ijk = − 1

µijk

∮

∂Ωijk

[(~F − ~R) dS1 + ( ~G− ~S) dS2 + ( ~H −K~T ) dS3] +

+ (~f + ~q)|ijk (30)

where ~Wt|ijk is the mean value of ~W over cell Ωijk, (~f+~q)|ijk represents
the mean value of the volume forces and the source term over cell Ωijk

and µijk =
∫∫∫

Ωijk
dV refers to the volume of control cell Ωijk.

After space discretization performed by the central differences, we
come up with a set of semi–discrete system of ordinary differential
equations for each control cell Ωijk

P · ~Wt|ijk(t) = L ~Wijk(t) + (~f + ~q)|ijk (31)

where L ~Wijk denotes the approximation of the right-hand side of (30)
resulting from the space discretization

L ~Wijk = − 1

µijk

6
∑

l=1

[( ~̃Fl− ~̃Rl)∆S
l
1+( ~̃Gl− ~̃Sl)∆S

l
2+( ~̃Hl− ~̃Tl)∆S

l
3] (32)

where all symbols denoted with subscript l refer to the lth cell face of
Ωijk and (∆S l

1,∆S
l
2,∆S

l
3) represents the l

th outer normal vector to the
corresponding face of hexahedral control cell Ωijk.

Discretization of the inviscid numerical fluxes

The inviscid numerical fluxes ~̃Fl, ~̃Gl, ~̃Hl through the l–th face of Ωijk

are computed as an average from the mean value over cell Ωijk and
the mean value over the neighbor cell sharing the l–th face with cell
Ωijk. Thus we get

~̃F l =
1

2
(~F |Ωijk

+ ~F |
l−th neighbor of Ωijk

),
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~̃Gl =
1

2
( ~G|Ωijk

+ ~G|
l−th neighbor of Ωijk

),

~̃H l =
1

2
( ~H|Ωijk

+ ~H|
l−th neighbor of Ωijk

) l = 1, . . . , 6. (33)

Discretization of the viscous numerical fluxes

To compute the viscous fluxes at the l–th face of cell Ωijk, one has to
know the derivatives of the velocity components at all six faces of each
hexahedral control cell. The derivatives are evaluated using the dual
control volumes of an octahedral shape denoted by Ω̄

(l)
ijk as shown in

the figure 1.

Fig. 1: A sketch of a dual control volume Ω̄
(l)
ijk related to l-th face

of Ωijk.

Four vertexes of the l–th face of cell Ωijk together with the center
of Ωijk and the center of the l–th neighbor of cell Ωijk form the six

vertexes of the dual control cell Ω̄
(l)
ijk which is composed of eight dual

faces. Hence, to compute e.g. the x–derivative of the u–velocity com-
ponent at the l–th face of cell Ωijk we find by application of the “Mean
value theorem” and the “Divergence theorem”

ux|(l)ijk =
1

µ̄
(l)
ijk

8
∑

q=1

ũ(l)q ∆S̄
(l, q)
1 l = 1, . . . , 6. (34)

where µ̄
(l)
ijk =

∫∫∫

Ω̄
(l)
ijk

dV̄ denotes the volume of the dual cell and the index

q goes through all faces of the dual octahedral control volume and
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∆S
(l, q)
1 abbreviates the the first component of the q–th outer normal

vector related to the q–th face of the dual cell Ω̄
(l)
ijk. In a similar way, it

is possible to compute the other derivatives of u, v and w components.

3.3 Time integration method

Let’s remember the system of ordinary differential equations (31) re-
sulting from the space discretization

P · ~Wt|ijk(t) = L ~Wijk(t) + (~f + ~q)|ijk (35)

where ~W represents the vector of computed quantities given by (26)
which is related to the (S1)–system or by (27) concerning the (S2)–
system. The system of ODEs (35) is integrated by the explicit 3–stage
Runge–Kutta method hereafter rewritten as follows

~W
(0)
ijk = ~W n

ijk

~W
(m+1)
ijk = ~W

(0)
ijk + αk ∆t

[

B ~W
(m)
ijk + (~f + ~q)|(m)

ijk

]

, m = 0, . . . , 2

~W n+1
ijk = ~W

(3)
ijk (36)

where α0 =
1
2 , α1 =

1
2 , α2 = 1 and the operator B is defined by

B ~W
(m)
ijk = L ~W

(m)
ijk +D ~W

(0)
ijk (37)

where L refers to the space discretization operator (32) and D repre-
sents the artificial diffusion term, see the next subsection.

Due to the explicit numerical formulation the stability limit crite-
rion valid for a regular orthogonal meshes is applied, Kozel & Dvořák
(1996) [4]

∆t ≤ min
Ωijk

CFL
%A

∆x + %B

∆y +
%C

∆z + 2 ·K
(

1
∆x2 +

1
∆y2 +

1
∆z2

) (38)

where %A, %B, %C refer to the spectral radii of the inviscid Jacobi’s ma-
trices, CFL = 2, K denotes the diffusion coefficient given by (3) and
the rate of convergence to the steady state is examined component–
wise using the residual norm

‖Rez ~W n‖2 =
[

∑

i,j,k

(

B ~W n
ijk + (~f + ~q)|nijk

)2
µijk

]

/|Ω|. (39)

where |Ω| is volume of the computational domain.
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3.4 The artificial diffusion

There are a few variants of the artificial diffusion term that can be
adopted either of fourth or second order.

• In the first case, the fourth order artificial diffusion reads (in 1D)

D(4) ~W n
i = −ε(4)∆x4 ∂

4 ~W

∂x4
(40)

and after discretization

D(4) ~W n
i = −ε(4)( ~Wi+2 − 4 ~Wi+1 + 6 ~Wi − 4 ~Wi−1 + 4 ~Wi−2) (41)

where the coefficient ε(4) ∈ <+ must be experimentally tuned as well.
This term is applied to provide a necessary background numerical
diffusion for a better convergence, mainly for the velocity–pressure
flow field.

• In the second case, we use the following form (in 1D)

D(2) ~W n
i = +ε(2)∆x3

∂

∂x







∣

∣

∣

∣

∣

∣

∣

∂ ~W

∂x

∣

∣

∣

∣

∣

∣

∣

∂ ~W

∂x







n

i

(42)

and after discretization we get

D(2) ~W n
i = +ε(2)

[

| ~W n
i+1 − ~W n

i |( ~W n
i+1 − ~W n

i )− | ~W n
i − ~W n

i−1|( ~W n
i − ~W n

i−1)
]

(43)

where the coefficient ε(2) ∈ <+ has to be found experimentally as small
as possible. Notice that | ~W | is applied component–wise and that in the
3D–case the procedure must be repeated also in the y and z–directions
of coordinate system. This type of the artificial diffusion is used only
during the solution of the transport equation for passive pollutant.
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4 Validation

A detailed validation study has been performed on the systems (S1),
(S2) in order to estimate the degree to which the models are an ac-
curate representations of the real world from the perspective of their
intended uses.

The chosen test case is based on a fully developed channel flow over a
2D polynomial–shaped hill mounted on a flat plate with a fairly large
recirculation region in its wake. This test–case was considered at the
4th Workshop, organized by the University of Karlsruhe, IFH, April
1995 and now it is available in the ERCOFTAC’s database. It consists
of

• the experimental data due to Almeida (1993) [5]

• the reference numerical data received by the k − ε turbulence
model Davroux (1995) [6].

−2 −1 0 1 2 3 4 5
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0
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Almeida’s experiment
Simulation, 200x80 cells

−50 −20 0 30 50 70 90 120

Streamwise position [in mm] of u/U0 profiles

0

45
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125

170

y 
[m

m
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ERCOFTAC’s single
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  u/U0 = 1

Fig. 2: Profiles of the u–velocity component normalized by U0,
validation of (S1)–system with algebraic turbulence model.

16



−2 −1 0 1 2 3 4
x/H

0

2

4

6

y/
H

ERCOFTAC’s k−e solution, 400x160 cells  
Almeida’s experiment
Simulation, 200x80 cells

−50 −20 0 30 50 70 90 120

Streamwise position [in mm] of w/U0 profiles

0

45

85

125

170

y 
[m

m
]

ERCOFTAC’s single
hill test case

Fig. 3: Profiles of the w–velocity component normalized by U0,
validation of (S1)–system with algebraic turbulence model
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Fig. 4: Profiles of the u–velocity component normalized by U0,
validation of (S2)–system with k − ε turbulence model.

17



−2 −1 0 1 2 3 4
x/H

0

2

4

6

y/
H

ERCOFTAC’s k−e solution, 400x160 cells  
Almeida’s experiment
Simulation, 200x80 cells

−50 −20 0 30 50 70 90 120

Streamwise position [in mm] of w/U0 profiles

0

45

85

125

170

y 
[m

m
]

ERCOFTAC’s single
hill test case

Fig. 5: Profiles of the w–velocity component normalized by U0,
validation of (S2)–system with k − ε turbulence model.

The results are summarized in section 6.

18



5 Applications

The system (S1) together with the numerical method is practically
used to a few real–case 2D and 3D applications and moreover, some of
the results are compared with the reference numerical data obtained
by T. Bodnár (2004) [7] who has implemented a different mathemati-
cal model based on the Boussinesq approximation of the atmospheric
boundary layer and the semi–implicit numerical method.

• The first set of results concerns with the 3D simulations over the
Prague’s agglomeration with two different wall–modelling approaches:
the no–slip and the wall–function concept, both of them compared.

-760000
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-750000
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-740000
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-730000
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-720000

X
-1.06E+06
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Y Z
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Fig. 6: The relief of Prague’s area colored by geographical altitude
[m].
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Y
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Fig. 7: Wall function.

X

Y

Z u: 2.2 2.4 2.5 2.7 2.9 3.0 3.2 3.4

Fig. 8: No–slip wall.
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The figures 7, 8 show the near–ground distribution of the u–velocity
component [m/s] together with streamlines and geographical contours.

One can see the overall not only qualitative agreement between the
above two figures and also the effect of the Prague’s valley which
decelerates the flow and slightly deviates it from the original direction
in the wall vicinity.

• The second collection of results is related to a 2D flow including
a pollution dispersion over a complex coal field located in the North
Bohemia which is also partially covered by a high forest stand in order
to decelerate the flow locally and to decrease the level of downstream
concentration of passive pollutant.
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Fig. 9: Distrib. of the w–component [m/s], no forest.
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Fig. 10: Distrib. of the w–component [m/s], forest 15 m high,
outlined by a pink rectangle.

The flow over the surface coal field is significantly influenced by the
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presence of a forest. It also strongly depends on the forest dimensions
and mainly on its drag coefficient. Practically in all computed cases,
the flow is separated in the corner below the sudden step and a fairly
large separation zone occurs in the presence of a forest stand of 15 m
high where the bubble develops on the lee–side of the forest.
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6 Summary

• VALIDATION: A practical results of this work can be found in the
section related to a validation of (S1) and (S2) mathematical models.
Even if the Reynolds number is several orders of magnitude lower than
in a real atmosphere, the problem is still quite complex since a large
separation zone develops behind a hill.

The algebraic model (modified for the channel flow using the Baldwin–
Lomax model) has shown to give much better predictions for the
length of separation zone: 4.3H in simulation compared to 4.4H in
experiment normalized by the hill height H. On the other hand, the
micro–scale version of the two–equation k− ε model predicted length
of zone 3.3H only. Therefore, this two–equation model is suitable for
ABL problems without separation.

•WALL MODELLING: Two different applications have been defined
and computed both with an ABL algebraic turbulence model:
1) The first one related to a 3D–flow over the Prague’s topography
where a two different wall modelling strategies have been evaluated
and compared. The first one is a classical no–slip wall modelling while
the second one is based on concept of a wall–function for the velocity.

The advantage of the first approach is its generality, however which is
balanced by the use of a sufficiently fine grids in the wall region. The
advantage of the second way of wall modelling lies in the fact that the
computed profiles can be patched to some universal analytical profiles
within the near–ground layer. Thus, the grids can be coarser in the
vicinity of a wall. This leads to significant savings in CPU time. Notice,
the flow should not be strongly influenced by a separation and this is
the case of flow over the Prague’s area.

• FOREST MODELLING & POLLUTANT DISPERSION: The sec-
ond case is related to a 2D–flow over a complex coal field including
a pollution dispersion from an area source of pollutant (coal dust).
As a special feature, a model for a high forest stand as a vegeta-
tion obstacle has been successfully implemented and the results have
been compared to the other numerical results received by different
numerical/mathematical model implemented by T. Bodnár. A quite
acceptable agreement has been established for the flow over the forest
stand for both methods.
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Also it has been shown, the location of the forest stand as a shelter
belt behind a source of pollutant can help to decrease the level of
concentrations in the downstream region which is supposed to be in-
habited. These simulations have been done together with cooperation
of the Brown Coal Research Institute in Most.

• CLOSURE: The presented mathematical model is suitable to be
used for a prediction of the velocity–pressure flow field and also pas-
sive pollutant dispersion over a complex topography. The numerical
method has shown to be easy to implement and robust enough for a
variety of ABL 2D and 3D simulations.
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