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Abstract

Key words: Newtonian fluids, non-Newtonian fluids, finite volume method, incom-
pressible laminar viscous flows, artificial compressibility method, steady and unsteady
computations, dual-time stepping method.

This thesis deals with a numerical solution of two and three dimensional laminar flows
of incompressible viscous generalized Newtonian fluids in a branching channel. Generalized
Newtonian fluids can be divided into three common types. First, Newtonian fluids when
the viscosity is constant. Second, the shear thinning non-Newtonian fluids, in this case
the shear rate increases with the decreasing viscosity. Third, the shear thickening non-
Newtonian fluids, in this case the shear rate increases with the increasing viscosity. This
work is concerned on the numerical simulation of Newtonian and non-Newtonian shear
thickening fluids flow.

A mathematical model is a generalized system of Navier-Stokes equations where the
right hand side is defined by a power-law model for generalized Newtonian fluids. The
numerical model is based on the artificial compressibility method. For the spatial dis-
cretization the finite volume method is applied. For the time discretization the explicit
multistage Runge-Kutta method is used.

Numerical solution is divided into two parts, steady and unsteady. Steady state solution
is achieved for ¢ — oo using steady boundary conditions and followed by steady residual
behaviour. For unsteady solution high artificial compressibility coefficient 3 2 is consid-
ered. Two numerical methods for solving unsteady incompressible flows are presented, the
artificial compressibility method and dual-time stepping method.
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Anotace

Naézev disertacni prace: Numerické reseni Newtonského a neNewtonského
proudéni

Tato prace se zabyva numerickym fesenim dvou a tii dimenziondlniho laminarniho
proudéni nestlacitelnych vazkych zobecnénych Newtonskych tekutin ve vétveném kanale.
Zobecnéné Newtonské tekutiny mohou byt rozdéleny do tii obecnych skupin. Prvni, New-
tonské tekutiny, kdyz je viskozita konstantni. Druhd, nenewtonské pseudoplastické (shear
thinning) tekutiny, v tomto pripadé s rostouci rychlosti deformace viskozita klesd. Treti,
nenewtonské dilataéni (shear thickening) tekutiny, v tomto piipadé s klesajici rychlosti
deformace viskozita roste. Tato prace je zamérena na numerickou simulaci Newtonského a
nenewtonského shear thickening proudéni tekutin.

Zobecnény systém Navier-Stokesovych rovnic je matematickym modelem. Prava strana
je definovana power-law modelem pro zobecnéné Newtonské tekutiny. Numericky model
je zalozen na metodé umelé stlacitelnosti. Metoda konecénych objemu je aplikovana pro
prostorovou diskretizaci. Pro casovou diskretizaci je pouzita explicitni vicestupniova Runge-
Kuttova metoda.

Numerické feSeni je rozdéleno do dvou casti, staciondrni a nestacionarni. Stacionarni
feSeni je dosazeno pro t — oo s uzitim stacionarnich okrajovych podminek a je kon-
trolovano chovanim stacionarniho rezidua. Pro nestacionarni feSeni vysoka hodnota koe-
ficientu umélé stlacitelnosti 8 2 je uvazovéna. Jsou piedloZeny dvé numerické metody pro
feSeni nestacionarniho nestlacitelného proudéni, metoda umeélé stlacitelnosti a dual-time
stepping metoda.
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State of the Art

Panta rhei (ITavTa per) - “everything is in a state of flux”, “everything flows” is the
philosophy of the greek philosopher Heracleitos of Ephesus. This phrase is the motto of
the The Society of Rheology. The rheology is a branch studying laws of viscous fluid flows.
The term rheology was coined by Eugene Bingham, a professor at Lafayette College, in
1920. The term was inspired by the quotation attributed to Heracleitos, panta rhei.

The rheology is the mostly applied in engineering, geophysics and physiology. In
medicine, hemorheology deals with blood flow and it has the most important medical
significance. In geology, solid Earth materials that exhibit viscous flow over long time
scales are known as rheids.

_ ) Elasticity
Solid mechanics or
strength of materials

_ Plasticity
Continuum
mechanics

Rheology

Non—-Newtonian
Fluid mechanics

Newtonian

The rheology contains plastic solid materials and non-Newtonian fluids. One of the
tasks of rheology is to establish the relationships between deformations and stresses. Such
relationships are adapted to mathematical treatment by established methods of continuum
mechanics.

The flow characteristics of fluids are mainly dependent on the viscosity. When the
viscosity of the fluids remains constant and is independent of the applied shear stress, such
the fluids are termed Newtonian fluids. In the case of the non-Newtonian fluids, viscosity
depends on the applied shear force. In this case, when the shear rate is varied, the shear
stress does not vary proportionally. In the Figure 1, the dependence of shear stress and
viscosity on the shear rate is shown, see e.g. [1].

Generalized Newtonian fluids can be divided into three common types. First, Newto-
nian fluids, when the viscosity is constant. Second, pseudoplastic fluids, in this case with
increasing shear rate the viscosity decreases. Sometimes they are called shear thinning
non-Newtonian, see e.g. [2]. Third, dilatant fluids, in this case with increasing shear rate
the viscosity increases. They are called shear thickening non-Newtonian.

This work is mainly concerned on the behaviour of Newtonian fluids and non-Newtonian
shear thickening fluids flow.
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Figure 1: Various types of fluids based on - a) the stress - b) the viscosity

Research Goals

The main goal of this work is to develop and to implement the numerical method
for solving incompressible laminar viscous flows for Newtonian and non-Newtonian shear
thickening fluids. The task is to numerically solve two dimensional and three dimensional
incompressible flows in the branching channel and to compare numerical solutions for
Newtonian and non-Newtonian shear thickening fluids flow. The numerical modelling is
divided into a steady and an unsteady numerical simulations.

Numerical Methods

For the spatial discretization the finite volume method (FVM) is applied. For two
and three dimensional steady state numerical modelling multistage Runge-Kutta scheme
together with an artificial compressibility method is used. For unsteady numerical compu-
tation of two dimensional test cases explicit multistage Runge-Kutta method in conjuction
with the artificial compressibility method or a dual-time stepping method is applied.

Research Results

In this thesis numerical results of steady Newtonian and non-Newtonian fluids flow in
two and three dimensional branching channels with different geometry are presented. Nu-
merical results for Newtonian fluids are compared with numerical results for non-Newtonian
fluids. In the unsteady case two dimensional numerical results are presented for Newtonian
and non-Newtonian fluids flow.
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Introduction

The mathematical model of science and engineering mainly take the form of differential
or integral equations. Using computer-implemented mathematical model, one can simulate
and analyze complicated systems in engineering and science.

This paper deals with numerical solution of two dimensional and three dimensional
steady and unsteady laminar incompressible flows for Newtonian and non-Newtonian shear
thickening fluids through a branching channel.

The mathematical model used in this work is the generalized system of Navier-Stokes
equations. The right hand side of this system is defined by the power-law model [2], [3].
The finite volume method is used as the numerical model for numerical simulations of
generalized Newtonian fluids flow. Numerical solutions are divided into two parts, steady
and unsteady. Steady numerical results are used as the initial conditions for unsteady
numerical simulations.

The work is organized as follows. In the first chapter the governing system of equations
is introduced. The system of generalized Navier-Stokes equations and continuity equation
is considered as the mathematical model using the power-law model in the definition of
the right hand side of the equations of the motion for generalized Newtonian fluids flow.

The second chapter deals with the numerical modelling of the incompressible laminar
Newtonian and non-Newtonian shear thickening fluids flow. This chapter is divided into
two main parts: steady and unsteady flows. The unsteady system of Navier-Stokes equa-
tions is completed by the artificial compressibility method with a term %pt in the equation
of the continuity. The numerical solutions for Newtonian and non-Newtonian fluids flow
are computed by the finite volume method in conjuction with the artificial compressibility
method. This method is generally explained for the system of Navier-Stokes equations in
generalized Newtonian form. As a numerical scheme the multistage Runge-Kutta method
is used. Steady state solution is achieved for ¢ — oo using steady boundary conditions and
followed by steady residual behaviour. The steady simulation is controlled with steady
boundary conditions.

For unsteady solution high compressibility coefficient 3? is considered as a first answer.
Several approaches of unsteady computations are used for unsteady simulation. First, the
artificial compressibility method with a pulsation of the pressure in the outlet boundary
is used. Next, the dual-time stepping method with the explicit Runge-Kutta scheme is
considered in this section for unsteady computation for Newtonian and non-Newtonian
fluids flow.



In the last chapter numerical results for two and three dimensional cases of flows in the
branching channel for Newtonian and non-Newtonian shear thickening fluids are presented
and compared. This section is divided as previous chapter to the steady and the unsteady
parts. The steady numerical results for flows in two and three dimensional branching
channel are compared for Newtonian and corresponding non-Newtonian shear thickening
fluids flow. The unsteady numerical results are presented for two dimensional branching
channel.
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Chapter 1

Mathematical Models

This chapter deals with the flows of the viscous fluids. The physical property that
characterizes the resistance to flow is the viscosity. In this chapter Newtonian and non-
Newtonian shear thickening mathematical model will be discuss.

The one of the main differences between Newtonian and non-Newtonian fluids flow is
the validity of Newton’s law of the viscosity (see [4], [5])

Tyz = —,ud—y, (1.1)

where the symbol 7,, denotes the force in the x direction on a unit area perpendicular to
the y direction. This equation states that the shearing force per unit area is proportional to
the negative of the velocity gradient. The constant of the proportionality u is a property of
the fluid, defined to be the viscosity. The symbol u denotes the z-component of a velocity
vector and vy is the second coordinate.

The fluids, which are described by eq. (1.1), are referred to as Newtonian fluids.
Polymeric liquids, suspensions and other complex fluids are not described by eq. (1.1) and
they are referred to as non-Newtonian fluids.

The viscosity p can be expressed from the eq. (1.1) as follows:

du !
= (3) (12)

the unit of 7, is N/m? = Pa, the unit of the velocity u is m/s and the unit of the coordinate
y is m. Then the SI unit of the viscosity u is Pa s.

In this Newton’s law of the viscosity, the viscosity u was defined in terms of a simple
steady state shearing flow. Generally, more complicated flows are considered. In this case
two (2D case) or three (3D case) velocity components may depend on all two or three resp.
coordinates. Therefore the generalization of Newton’s law of the viscosity is required.

The velocity components are then given by

u=u(z,y), v=uv(x,y), (1.3)
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or
u=u(z,y,z), v=uv(x,y,2), w=w(z,y, 2). (1.4)

In such situation, there will be four or nine resp. stress components 7;; instead of the
component 7, that appears in the eq. (1.1).

Sometimes, the symbol ;; is used as the molecular stresses which include two types of
the stresses - the thermodynamical pressure p and the viscous stresses 7;;. (By the stresses
the forces per unit area are denoted.) The molecular stresses m;; are defined as follows:

Tij = POij + Tij, (1.5)

where ¢ and j may be x, y or z. Here ;; is the Kronecker delta, which is 1 if ¢ = j and 0 if
i # j. my; is the force in the j direction on the unit area perpendicular to the ¢ direction.

The stresses Ty, = P + Tpz, Tyy = D + Tyy, Moo = p + 75, are called normal stresses,
whereas the remaining quantities, 7, = Ty, Tg. = Tsz, ... are called shear stresses.

The quantities, which have two subscripts associated with the coordinate directions,
are referred to as tensors [6], [7]. The quantities, which have one subscript associated with
the coordinate directions, are called vectors. Therefore, the symbol 7 denotes the viscous
stress tensor (with components 7;;) and the symbol 7 is the molecular stress tensor (with
the components ;).

The required generalization for Newton’s law of the viscosity is the set of four or nine
resp. relations (see e.g. [5]):

a'Uj an 2
me (axi i ax) ’ (ﬁ” } “) SR o

Here 7;; = 7j; and 7 and j can take on the values 1, 2 for two dimensional case or 1, 2, 3 for
three dimensional case resp. The quantities x1, xo, 3 in the derivatives denote Cartesian
coordinates z,v, z, and vy, vy, v3 denote the velocity components u,v,w. The symbol .
denotes the scalar product of two vectors.

These relations rewritten to the set of equations have the form:

e in 2D case

ou 2
ov 2
=—U|2— —— . 1.
= 25|+ (Gn ) (70, (17)
Jv  Ou
Tay = Ty = —H %‘i‘a—y ;
(V.V):@ ov
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e in 3D case

[Ov  Ou
Tey = Tyz = —H %‘{'a_y}’ (1.8)
[Ow  Ov
Ca b L
[Ou  Ow
Tox =Tz = — 4 E—i_% ;
ou Ov i ow

The important conclusion is that there is the generalization of the eq. (1.1) and this
generalization involves two coefficients characterizing the fluid: the dynamical viscosity
1 and the dilatational viscosity x. Usually, in solving fluid dynamics problems, it is not
necessary to know . For incompressible fluids the relation (V.v) = 0 holds and therefore
the term containing x is discarted anyway.

1.1 (Generalized Navier-Stokes Equations

The governing system of the equations for Newtonian and non-Newtonian fluids flow is
the system of the generalized Navier-Stokes equations and the continuity equation (see [§],
9], [10], [11]). This system for 2D case written in terms of 7;; has the conservative form:

RW,+ FS+ G =F! + G, (1.9)

where W is the vector of unknowns, the pressure p and the velocity u,v. The symbols F*
and G¢ denote convective physical fluxes

p pu pv
W=1| pu |, Fe=| pui>+p |, G = pUv : (1.10)
pU pUY pvt+p

The symbols F¥ and G denote viscous physical fluxes.

F'=1 7w |, G'=\| Ty |- (1.11)
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The matrix R is the diagonal matrix

R= (1.12)

o O O
O = O
_ o O

This system of the equations can be rewritten to the set of three equations, one equation
of the continuity and two equations of the motion.

— the equation of the continuity

ou Ov

47— 1.1

— the equatins of the motion

ou ou ou ap OToe  OTya
P —+u—x+v— =—= - + )

ot 0 Jy ox ox dy
ov ov ov\  dp (01  Ory
p(8t+uax+vé)y)_ o (8x + 3y ) (1.14)

Similarly for three dimensional case the system of Navier-Stokes equations in the terms
of 7;; has the conservative form:

RW,+Fi+ G+ HE=F +GU+ HY, (1.15)

where W is the vector of unknowns, the pressure p and three velocity components u, v, w.
The symbols F¢, G° and H¢ denote the convective physical fluxes.

P pu pv pw
2 ~
wol| | g [ AP el | o | e | puw
pU puv pU° +p pLW
pw puw pUW pw? +p
(1.16)
The symbols F*, G and H" denote the viscous physical fluxes.
0 0 0
Ja I e O I L I (1.17)
Tzy Tyy Ty
Tez Tyz Tzz
The matrix R is the diagonal matrix
0000
~ 01 00
R = 00 10 (1.18)
0001

As for two dimensional case, the system of the equations can be rewritten to the set of
four equations, one equation of the continuity and three equations of the motion.
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e the equation of the continuity

ou Ov Jw
T 1.1
Ox + oy + 0z 0 (1.19)

e the equations of the motion

( ou ou ou 8u) Gp ( OTyw  OTyy  OTay )
TR L ,

ot Tor Ty T2 )T Tar  \ar T oy T e

ov ov ov ov op OTpy  OTyy = 0Ty
- -~ )= 1.2

<0t "o —H}8y+w82> “y (ax Ty Yo ) (120
( ow ow ow 8w) 0 <8Tm N 0Ty N 8Tzz>

P\ar Yo Ty T )T e, o ey T o

1.2 Incompressible Navier-Stokes Equations for New-
tonian Fluids Flow

In the incompressible laminar viscous flows the density p is assumed constant. Under
this assumption of the incompressible flow, i.e. the density is constant and restriction to
the constant viscosity, the equations of the motion (1.14) and (1.20) can be divided by p
(see e.g. [8]).

The viscous stresses can be rewritten with using (V.v) = 0 to the form

ou
— — 2—
sz I/ ax7
ov
Tyy = —V 28_3/’
ow
= —v2— 1.21
re = 222 (1.21)
W dy Oz’
_fou o
ez = 0z Ox|’
_ o |ov, 0w
e = 0z Oy

From the equations of the continuity for 2D or 3D cases the relations for w,,, v,, and
w,, can be expressed as follows:

Upy = —Uyg, Uyy = —Usgy, (1.22)

Uge = —VUypr — Wiy, Vyy = —Ugy — Wyz, Wyy = —Ugz — Uyz.
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Therefore the system of Navier-Stokes equations in two dimensional case can be rewrit-
ten to the conservative form

RW,+Fi+GS=F'+G, (1.23)

where subscripts t, z,y denote the partial derivatives under the time and the space. And
the vector W and the convective physical fluxes F'¢ and G¢ are defined as follows:

P U v
W=1u |, Fe=| u+p |, G = uv , (1.24)
v uv v? +p

where u, v are the velocity vector components, p is the kinematic pressure and it is defined
by the relation

p
p==. (1.25)
p
The viscous physical fluxes F¥ and G are defined by the relations:
0 0
Fl=v| u, |, G'=v| u |, (1.26)
Vg Uy
where v is the kinematic viscosity and it is defined by the relation
1
v="= 1.27
p (1.27)
here p denotes the constant density.
This system can be rewritten to the form of three equations:
ou Ov
)
Ox + oy ’
ou  Ou  Ou op OPu  0%u
— — — = —= — + — 1.28
ot T ax T Vay 8x+y[8ﬁ_%8ﬁ ! (1.28)
ov ov N ov op N 0%v N 0%v
—tu—4v— = ——+V|—+—|.
ot ox dy dy ox?  Oy?

Similarly in three dimensional case, the system of Navier-Stokes equations has the
conservative form 3
RW + F;+G,+ H, =F, +G, + H], (1.29)

where subscripts ¢, x, y, z denote the partial derivatives under the time and the space. And
the vector W and the convective physical fluxes F¢, G° and H¢ are defined as follows:

P U v w
2
w=| ", =T, ge=| 2 |, m=| "™ |, (130
v UY v+ Dp VW
w UwW VW w? +p



CHAPTER 1. MATHEMATICAL MODELS 9

where u,v,w are the velocity vector components, p is the kinematic pressure and it is
defined as for 2D case (eq. (1.25)).
The viscous physical fluxes FV, GY and H" are defined by the relations:

0 0 0

=y ™ , Go=v| ™ JHY =v Uz , (1.31)
Uy Uy v,
Wy Wy Wy

where v is the kinematic viscosity defined by the eq. (1.27).
As for 2D case this system can be rewritten to the set of four equations as follows:

@ + % + a_w = 0
oxr Oy 0z ’
@+u@+va—u+w% _ _@+V_82u+82u+82u}
ot Ox dy 0z Ox 0x2 Oy 022
ov ov v ov 0 (0?0  0*v 0%
E—FU%—Fva—y-i-w% = —a_zgj‘f"/ _8x2+8y2+822} ) (1.32)
8_w+u8_w+v6_w+w8_w = _@+V_82w+82w+82w}'
ot Ox dy 0z 0z | 0x2 0y 022

1.2.1 Dimensional Analysis

In most flow systems one can identify the following “scale factors”: the reference length
L*, the reference velocity U* and the reference kinematic viscosity v* ([5], [12]). Then
dimensionless variables (denoting by the primes) can be defined as follows:

.T/:%> y/:%> le%a HZ%’
ul — %7 U, — %7 w/ = %’ V, = %’ (133)
p/: L ]//: i
U*27 V*'

Multiplay the continuity equation by 5— and the equations of the motion by # in the
eq. (1.28) for 2D case and in the eq. (1.32) for 3D case. Then for Newtonian fluids the
system of Navier-Stokes equations and the continuity equation has the form:

e 2D case
ou o
— +— =0 1.34
ox! + oy’ ’ ( )
8_21/+u,8_ltl+v,8_1/ — _0_]9/+ v 821/ + 82u/
ot! x! oy’ ) 0x  LU* \0x? oy?)’

%qLu’a—U/—i—v’% _ _6_p’+ ve (0% N 0%’
ot ox’ oy') Oy LU* \ox?  0y?)’
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e 3D case
ou o ouw
O + a—y/ + B, = 0, (1.35)
o'  ,ou 0 ,ou/ op/ ve (0% 0% 0%
(W Yo TV oy “’@) = Tor LU (ax/ﬁayﬂaza)
o', 0v o0 O op/ ve (0% 0% 0%
(W”%”a—y/”’@) -~ oy T <a ot a) ’
ow' 0w 0w , 0w’ op’ vt (0P 0P 0%
(at/ Ty Ty T 82’) -~ o T U (81"2 T T aw)

The expression on the right hand side in the equations of the motion is the reverse value
of Reynolds number. The definition of Reynolds for two dimensional and three dimensional
case can be defined by the expressions

U*4S
. Re=—"7

V*

Re (1.36)
where for 3D S represents the reference volume of the entrance (for the square entrance

S = L*L*) and O is the reference circumference of the entrance (for the square entrance
O =4L").

1.2.2 Boundary Conditions

The flow is considered in a bounded domain. The boundaries are solid wall, outlet and
inlet. Let us define concrete boundary conditions for two dimensional case.

Inlet: At the inlet Dirichlet boundary conditions for the velocity vector (u, v)T are
used and other values (p) are computed by the extrapolation from the domain.

Outlet: At the outlet the pressure value is given and the velocity components u, v
are computed by the extrapolation from the domain.

Wall: The homogenous Dirichlet boundary conditions for the velocity are used on
the wall. For the pressure we used the extrapolation from the computed domain to
boundary where normal derivative of the pressure is zero - Prandtl’s boundary layer
relation.

Similarly, the boundary conditions for three dimensional channel can be defined. In
this case the inlet and the outlet boundary conditions are the same as for two dimensional
case. And for the wall and the corners of the domain the homogenous Dirichlet boundary
conditions are used. For the pressure the extrapolations are used.
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(1, V)= (0, 0) Wa”///
wall (u,v)=(0,0) wall

(u,v) wall (u,v)=(0,0)

inlet (uv)=(0,0) inlet outlet
wall (u,v)=@\ (uv) p
outlet

wall (u,v)=(0,0)
p

p
outlet p outlet

Figure 1.1: Consider domain and boundary conditions

1.3 Generalized Newtonian Fluids

Let us consider the generalized Newtonian fluids. The system of Navier-Stokes equa-
tions written in the conservative vector form for 2D:

» c c 1 v v
RW, + F; + Gy, = ﬁ(Fx +G,), (1.37)
P U v
W=1| u |, Fe=1 v*4+p |, G = uw . (1.38)
v uv v? +p

The symbol R represents the diagonal matrix (R = diag(0,1,1)), p is the pressure,
(u, v)T is the velocity vector (in dimensionless form). The symbols ¢, z, y are used for
denoting of the partial derivatives under the time and the spatial coordinates.

The vectors F¢, G¢ are the inviscid physical fluxes defined by (1.38) and F, G" are the

viscous physical fluxes defined by

0 0
F'=1 7 |, G'=| 1. |- (1.39)
Txy Tyy

The right hand side of Navier-Stokes equations is given by one of the simple non-
Newtonian models, the power-law model. The viscous stress is defined as follows:

T =2n(y)D (1.40)
and
T:(Tm ) (1.41)
Tyz  Tyy

where viscosity 7(¥) is defined by the power-law model as follows:

n(y) =v (VW) (1.42)
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where v is the kinematic viscosity of Newtonian fluids which belongs to the definition of
Reynolds number (eq. (1.36)), symbol tr denotes the trace of the tensor. The symmetric
tensor D is called the velocity gradient and it is defined by the relation

D{L’CE D:E
b= (5 5y )

where ¢ and j maybe x and y. The components of the velocity gradient D;; are defined by

the expressions
1 (0v; Ov,
D;; == : / 1.44
y 2(8xj+8xi)7 (1.44)

where ¢ and j can take on the values 1, 2. The quantities x; and x5 in the derivatives
denote Cartesian coordinates z,y. And v; and vy denote the velocity vector components
U, v.

Therefore the velocity gradient D has the form

D ( y wp (o) ) (1.45)

Uy + V) Uy

(1.43)

and the trace of the tensor D? is then

1
tr D* = u2 + E(uy +v,)% + ).

(1.46)

The constant r in the power-law model is called the power-law index. Newtonian fluids
are the special case of non-Newtonian fluids with the constant » = 0. If r is bigger than
0 then non-Newtonian fluids are called the shear thickening fluids, if r is less than 0 then
non-Newtonian fluids are called the shear thinning fluids. In this work this index is from
the closed interval [0,1]. It means that this work is concerned on the numerical solution
of Newtonian fluids (r = 0) and on the numerical solutions of the shear thickening non-
Newtonian fluids (r > 0).

Similarly for three dimensional case, the system of Navier-Stokes equations and the
continutity equation for the generalized Newtonian fluids can be written in the conservative
form

T c c c 1 v v v
RW; + F; + Gy, + H; = g(Fx + G, + HY), (1.47)
P u
2
w=| "] | "TP|
v uv
w uw
v w
. uv . uw
=2 = e | (1.48)
2

VW w*+p
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The symbol R is the diagonal matrix (R = diag(0,1,1,1)), p is the pressure, u, v and
w are the velocity vector components. The subscripts ¢, x, y and z are used for the partial
derivatives under the time and the space.

The vector W is the vector of the unknowns and the vectors F'¢, G¢, H¢ are the inviscid
physical fluxes. The definition of the viscous physical fluxes F¥, GV, H" are defined as
follows:

0 0 0

e I e O I O I (1.49)
Tay Tyy Tzy
Tez Tyz Tzz

In 3D case the same power-law model is used as for 2D case, eq. (1.40). The viscous
stress tensor T is given by the matrix

Tex Tay Tzz
T=\ Tyz Tyy Tyz | (1.50)
Tox Tzy Tzz

where the viscosity 7(7) is defined by the power-law model (1.42), where v is the kinematic
viscosity of Newtonian fluids which belongs to the definition of Reynolds number (eq.
(1.36)), the symbol tr denotes the trace of the tensor. The symmetric tensor D is called
the velocity gradient and it is defined by the relation

Da:a: Da:y sz
D= D)ij=| Dya Dy Dy |, (1.51)
sz Dzy Dzz

where 7 and j maybe z, y and z. The components of the velocity gradient D;; are defined

by the equation
1 /0v; Ov;
Dy = — [ = J 1.52
J 2 (8.1'j * 81:1) ’ ( )

where ¢ and j can take on the values 1, 2, 3. The quantities x;, o and x3 in the deriva-
tives denote Cartesian coordinates x,y,z. And vy, vy and vy denote the velocity vector
components u, v, w.

Therefore the velocity gradient D has the form

) Uy %(uy + vy) %(uz + W)
D=1 3(uy+uv,) vy (V2 4+ wy) (1.53)
S +wy) v, +wy) w,
and the trace of the tensor D? is then
1 1 1
tr D* = u? + §(uy +v,)% + v + §(uz + w,)* + 5(1)2 + wy)? + w?. (1.54)

The constant r in the power-law model is the power-law index. If r = 0 then fluids are
Newtonian. If » > 0 then non-Newtonian fluids are shear thickening fluids, if » < 0 then
non-Newtonian fluids are shear thinning fluids. This work is concerned on the numerical
solution of Newtonian fluids (r = 0) and the shear thickening non-Newtonian fluids (r > 0).



Chapter 2

Numerical Solution

2.1 Finite Volume Method

The finite volume method (FVM) is the discretization method for conservation laws
(see [13], [14]). Let consider general hyperbolic system of the equations

W, +V - F(W)=0 (2.1)

at each point x and at each time ¢ where the conservation of W is to be written. In the
eq. (2.1) the symbol W represents the state vector W = (wy, ..., w,)T € R™ and the
vector F' = (Fy(W),..., E,(W))T represents the corresponding flux vector, (.); denotes
partial derivative over the time and V operator is the vector of the partial derivatives over
space coordinates, V = (8%1, cee %)T. The flux F' can be in general decomposed into a
convective and a diffusive part. The diffusive part is proportional to the gradient of the
quantity considered.

Let € is the closed bounded domain (€2 C R™). This domain is divided to the finite

subdomains D;, i € J (J C Z) with properties:
L. U=9
ieJ
2. forVi,jeJ; i#j:D;\D;=0.
The finite volume method is based on an integral form of the system of conservation
laws (eq. (2.1)). Denote us by the symbol D; the i-th grid cell in general case.

The value W will approximate the average value over the finite volume cell D; at time
tn:

1
Wi~ —/ W(xy,...,x,,t") dQ, (2.2)
i Jp,

where p; is the volume of the finite volume cell D; and the superscript n denotes the time
level.

14
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Integrating (2.1) over the cell D; and in the time from " to t"*! yields

¢+l ¢n+l
/ / (21, ... a:n,)det+/ /v FW(zy, .z t) dQ dt = 0. (2.3)

Since, the domain € (therefore all of subdomains D;) is independent on the time we
can rewrite eq. (2.3) to the integral form of the conservation laws

tntl g+l

/ —/ Wi(xy,...,xn,t) dQ2 dt—i—/ V - F(W(zy,...,2,,t)) dQ dt = 0. (2.4)
tm dt D; tm D;

Given W/, the cell averages at time t", we can approximate VVZ.”“, the cell averages at

time t"! after a time step At = ¢! — 7. It gives
tn+1
(W — W) +/ V - F(W(xy,...,2,,t)) dQ dt = 0. (2.5)
tn D;

Applying Green’s theorem on the integral in the left hand side of the equation (2.5) it
results in

tntl
(Wn+1 Wn [LZ / f Il, vy Ip, t)) n; dSZ dt = 0, (26)
0D;

where 0D; is the boundary of the finite cell D; and n; is the unit normal vector to dD;. In
two dimensional case, the finite volume cell D; is a polygon (denoting by symbol D;;) and
in three dimensional case, the finite volume cell D; is a polyhedron (denoting by symbol
D;ji). Therefore the eq. (2.6) can be rewritten to the form

tntl
(Wit —wh) m+2/ f W(xy,...,2n,t)) -y dSy dt =0, (2.7)
oCy

where V; is the number of all neighbouring finite cells D; of the finite cell D;. The symbol
Cy represents the [-th boundary between the cell D; and the cell Dy, in 2D D;; corresponds
to the edge of polygon and in 3D Dj; is the surface of the polyhedron. Symbol n; denotes
the outward unit normal to the boundary D;; (see figure (2.1)).

In general, the time integral in the left hand side of eq. (2.7) cannot be evaluated
exactly, since W (xy, ..., x,,t) varies with the time along each edge of the cell, and therefore
there is no exact solution to work with. Finally, the finite volume scheme is defined as

follows:
N;

(W — W) s + Atz Hjjy =0, (2.8)
=1

where v;; is the volume of the boundary C;; and H}} is approximation to the average flux
called “numerical flux”

tn+
! W(xy,...,x,,t")) - dSydt. 2.9
i~ 5 / jgc” 1 )) -, (2.9)
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Figure 2.1: Structured finite volume mesh in 2D form

For a hyperbolic problem the information propagates with the finite speed therefore
the numerical flux H}} is based only on the values W;* and W}, the cell averages on either
side of the interface. Then following expression can be used

Hij = F(Wi, W), (2.10)

where F is the some numerical flux function. Then the method (2.8) can be rewritten to
the form

n+1 n At o n n
W' =W — — F(W Wby (2.11)
=1

7

The method obtained depends on how the numerical flux function F is chosen. In
general, any method of this type is an explicit method, and the value I/VZ»”Jrl depends on
three values W |, W and W/ ,.

2.1.1 Finite Volume Method for Generalized Newtonian Fluids
Flow

Let us consider two dimensional generalized Newtonian fluids flow (eq. (1.37) - (1.46))
written in the vector form ([16], [17], [18])

RW, = — (Fx + Gy> , (2.12)

where the physical fluxes are defined as follows:

N 1 ~ 1
F=F —-—F" G=G—--=—@G" 2.13
Re '’ Re '’ ( )
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where F°, G¢ are the inviscid physical fluxes defined by (1.38) and F", GY are the viscous
fluxes defined by (1.39) - (1.46).

The eq. (2.12) is integrated over D;; (D;; is the finite volume cell in two dimensional
case, 1.e. it is the polygon, see figure (2.2), with the volume of the cell D, p;; = ffDij dzdy)

Figure 2.2: Finite volume cell for two dimensional case

R// Widxdy = — // (ﬁ’x + éy) dzdy, (2.14)
Di]’ Dij

the mean value theorem is applied to the left-hand side of (2.12), and Green’s theorem is
applied on the right-hand side of (2.12) hence

~ 1 ~ ~

Hij JoD,;

2.2 Method of Artificial Compressibility

In this part, the steady state solution is considered. In such a case an artificial com-
pressibility method can be applied. This method was first introduced by Chorin (see [19],
[20]). The basic idea is to complete the equation of the continuity by the term %pt, ie. to
the form

e 2D
1
7 Pt + ug + vy, =0, (2.16)



CHAPTER 2. NUMERICAL SOLUTION 18

e 3D .
@pt‘l‘ux‘*"l)y‘i’wz:(); (217)

where 3 € RT is called the artificial compressibility coefficient. Therefore the systems of
the equations (1.37) - (1.46) in 2D case or the systems of the equations (1.47) - (1.54) in
3D case resp. can be rewritten with new matrices Rg

1
L0 @200
Re=| 0 10|, Ry= 8 : ; 8 (2.18)
00l 000 1

The system of Navier-Stokes equations and the continuity equation for generalized
Newtonian fluids flow for 2D or 3D case with the new matrices Rg (2.18) is now hyperbolic
therefore the standard numerical methods can be used.

For the solving of these hyperbolic systems a knowledge of eigenvalues of the matrices
A 8FC/8(RBW) and B = 8GC/8(R5W) for 2D case and the eigenvalues of the matrices

— OF°/O(RsW), B = dG/d(RsW) and C' = AF°/d(RsW) for 3D case is needed.
These matrices have the form

0 6% 0 00 3
A= 1 uw O 0 v O , (2.19)
0 0 wu 1 0 v
0 B2 0 0 00 B0 00 0 @3
1 « 0 0 0v 0 O 0O w 0 O
A= 0O 0 w 0 |’ b= 10 v 0|’ ¢= 0 0 w O (2.20)
0 0 0 wu 00 0 w 1 0 0 w

Then the eigenvalues for 2D case are: u, § \/“—2 + (3% from the matrix A and v, § &

= + (% from the matrix B respectively. And for 3D case eigenvalues are: u,u, 3 +

W/UI + (32 from A, v,v, 5 + ‘/UI + (32 from B or w,w, § £ @/“’T + 2 from C respectively.

Let us consider the system of the equations with the new matrices Rs eq. (2.18)

e 2D case

~ 1
RyWi + F + Gy = o (FY + Gy, (2.21)

e 3D case

~ 1
RoW, + FE+ G+ HE = —

so(FY 4 Gyt 1), (2.22)
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with the definitions of the different right hand side for Newtonian and non-Newtonian
shear thickening fluids.
The artificial compressibility coefficient § has dimension of the velocity. The optimal
choice of the value 3 is
B ~ max(uij),z' S I,] S Ni, (223)
i5Tij
where I represents the set of the indices of all cells from the domain € and N; is the set of
the indices of all cells neighbouring with the cell D;. For dimensionless value the artificial
compressibility coefficients is divided by reference velocity U*. For steady computation,
the artificial compressibility coefficient is equal § = 1, for unsteady computations, the
different values of (3 is chosen (3 is high positive value or ideally § — o0).

2.3 Numerical Scheme

The multistage Runge-Kutta method is used as the numerical model for the numerical
solutions of Newtonian and shear thickening non-Newtonian fluids flow for 2D and 3D case.
The numerical scheme is inmplemented in cell-centered form. It means that average values
of conservative variables are situated to the centres of gravity of the finite volume cells.

2.3.1 Multistage Runge-Kutta Method

The general system of ordinary differential equations (2.11) is solved by multistage
Runge-Kutta method, see [21], [22], [23].

W =W
W = w9 — a,_ At Res(W)" Y, (2.24)
Wt = W r=1,...,m,

where a stationary residual Res(W); is defined as follows:

1 ~ ~
RGS(W)Z' = u_ Z [ElAyil - GiZAfBil s (225)
t=1

where p; is the volume of the finite volume cell, Az;; and Ay;; represent lenghts of the [-th
edge between the finite cell D; and the neighbouring finite cell D; in x and y directions.
Index [ stands for indices 1, 2, 3 and 4 as is shown in the figures 2.3 and 2.4. In the figure
2.4 the definition of the lengths Az; and Ay, is shown.

In this work the structured mesh is considered. Under this assumption the finite volume
cells are quadrilateral in 2D case and hexahedrons in 3D case. Figure 2.3 shows ideal
ortogonal form of the finite volume cell D; with its four neighbouring finite volume cells.
By red color the dual finite volume cells corresponding to the finite volume cell D; are
shown.
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Numerical fluxes F; and G% are defined as follows:

% L e 1 v |* Yk B e 1
z‘l:R,HF|z'l__F| il:RﬁG|il_§

= F, Gl (226)

where F°|%; and G°|}, are the inviscid numerical fluxes and F"|};, and G"|}; are the numer-
ical approximations of the viscous fluxes given by (1.39) - (1.46). The symbol * denotes
corresponding time level at which the numerical fluxes are evaluated. The matrix Rg is
given by (2.18).

Inviscid fluxes

The inviscid numerical fluxes are computed as an aritmetic average of the inviscid
numerical fluxes of two neighbouring finite volume cells

ra=r (M) e (M), (2.27)

where ¢, G¢ are given by (1.38).

N\
Ag Dij=4 A3
=4
N\ \\ // N\ N
Diz1  |Di=1 Bi Dij=3 Di=3
. |31 . | £
\\ . N AN /,/
\\ e _D||:2 S /,’
Al =z 1A
Di=2

Figure 2.3: Finite volume cell and neighbouring finite cells (by red dashed lines)

Viscous fluxes
Now let us define the viscous part of the equation (2.26). In the definition of the viscous
fluxes there are the partial derivatives of velocity vector components u, v with respect to
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Figure 2.4: Finite volume cell with definition of Az;;;, and Ay,

the spatial coordinates z,y. And these derivatives u,, u,, v, and v, need to be discretized.
Denote us the approximations of u,, w,, vy, v, at the edge between cells D; and D; by
Ug|hy Uyllys V|l vylh. Integrate velocity derivatives over a dual volume cell D;; and using
mean value theorem and Green’s theorem, results in

4
1 / 1 1
Ugljy = = wdQ=—¢ uwdy~ — Y Ui, Ayim- (2.28)
Y Dy it Job,, il mzzl d |
Hence,
1 &

Uz = E Z U;‘kz\mAymmy (2.29)

% om=1

where ji; is the volume of the [-th dual cell (see figure 2.5). Similarly approximations of
Uy, vy and v, are defined as follows

1
* *
uy|zl - ~ Z uz’l|mszl|ma
(e
4
* *
Uf)«“lzl ~ Z vil|mAyll|m7
il m—1
1 4
* *
vyl = —= Z Vit AT it|m (2.30)
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and

* _ * * _ * _ *
Witjm = §<U’il|m + uil|m+1)7 m=1,2,3,4, WUitm=5 = Wiljm=1>

1
* — * * _ * _ *
Vitlm = §(Uu|m + Vimat)y M =1,2,3,4, U5 = Uy,

AZjjm = Titjme1 — Titjms, M = 1,2,3,4,  Tim=s = Tiljm=1,

AYitjm = Yitima1 — Yitjms M= 1,2,3,4, Yitjm=5 = Yitjm=1- (2.31)

SXi.meg  AXiLe3
Ag =4 A3

AVillmea a7 . |AYies
1§30
D_ ....... ‘{ [ ] il‘ ...... D

133

AYilmeg m=%. | .m=2 AYil,m=2

AXij et DX me2

Figure 2.5: Dual volume cell - D;_s

The values of conservative variables (vector W) in the centre of the gravity of the finite
volume cell are computed by multistage Runge-Kutta method. The values of the vector
W in the centre of four edges of the finite cell are computed as the average of two values
in the centres of the gravity of two neighbouring finite volume cells, i.e. computation of
the inviscid numerical fluxes. The values in the grid nodes (A;, Az, A3 and Ay, and the
coordinates of the grid node are Ay = [xy, yi|, where k = 1, 2, 3, 4.) (fig. 2.6) are computed
as the average of four values in corresponding centres of gravity, e.g. for grid node A;:

uAl = Z(uz + U1 —|—U2 + U3>,
1
VA, = Z(UZ + vy + vo + v3). (2.32)

The values of the velocity components in the center of the edges of the dual volume cells
are computed as the average of values in the nodes of the edges, e.g. the dual volume cell
D,_3 and the edge for m = 2 see figure 2.5:

1
=3m=2 — 5 2 i,0=3)> =3,m=2 — 5 i,1=3)- .
Up=3 m=2 2( A, + Uig=3) V=3 m=2 2(0A2+Ul 3) (2.33)
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Az

Figure 2.6: Structure of the finite volume cells for computation of velocity components in
the grid node A;

In the figure 2.7, the structure of the finite volume cell and all corresponding dual
volume cells are shown, with denoting of all edges in the finite volume cell and in the dual
volume cells.

In this work, the three-stage Runge-Kutta method of second order accuracy in the time
and in the space is used with three coefficients oy = ay = %, a3 = 1.

2.4 Stability and Convergence

An investigation of the stability of the schemes can be obtained by the different ways.
In this chapter a spectral analysis will be shown. In the case of the linear schemes it leads
to neccessary and sufficient condition of stability (see [24], [25]). In the case of nonlinear
schemes only the sufficient condition of stability can be found.

The application of the spectral analysis will be shown in the case of the three-stage
Runge-Kutta method for linear scalar equation

up + au, =0, (2.34)

with the initial condition
u(z,0) = up(x). (2.35)

Let us rewrite three-stage Runge-Kutta method for this linear one dimensional scalar
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I, j+1
//m:Z m:3\\
A // :4 \A3
,’/ \\mzl m:4,/' \‘\
//m=3 m=4 ,Mm=1 m—?x\
=1 ) ki1l “i’ k3 i+l
\\\m:2 m:l/, \\m:4 m= /’/
N /m=4  m=ls_ L
Al\ =2 /’Az
*em=3 m=2,°
BB

Figure 2.7: Structure of finite volume cell and dual volume cells, denoting of all edges of
finite and dual cells

equation

where o = ”

ul

1}+1

u =
u? = u® —aoZ (v —u?),
u = —aZ (uh — ),
u® =l —arZ () — ),
utt = (2.36)

a8t - After substituting it leads

o A%
. n n n n n n
=u; —ag— (ui+1 — ui,l) + a1 (5) (ui+2 — 2u; + uzez)

2

o\ 3
n n n n
—QpQ Qg <—> (Uz+3 — 3ugyy + 3w — ui—3) .

. (2.37)

It is obvious that from the reason of the approximation (of the consistency) the constant
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s must be equal to 1. Therefore

2
up =i - % (i — ) + on (%) (Ui — 207 + uf'y)
3
—aar () (uyy — Bully +3uly — uly) (2.38)

In this equation it can be shown that this scheme contains the convective term, an
artificial dissipation with the coefficient oy and the term of dispersion with the coefficient
aqag which is the approximation of the third derivative ;.

If oy = % then the scheme is of the second order of accuracy in the time. It follows
from Taylor serie or from the comparison with Lax-Wendroff scheme.

Let us consider the scheme of Lax-Wendroff type. The principle of the schemes of
Lax-Wendroff type is to expand the solution to Taylor serie in the time and to replace the
time derivatives by the space derivatives. Let us consider the sufficient smooth solution of
Cauchy problem eq. (2.34) and (2.35). Taylor serie in the point x;, ¢, gives

1 1
w(wi, tnyr) = (g, tn) + Atug(x;, t,) + §At2utt(xi, tn) + gAt3utttu(a:i, t,) + O(AtY). (2.39)
From the linear equation can be expressed
Up = —aUy (2.40)

and therefore second and third derivatives in the time wuy; and wuy; can be expressed as
follows:

2
Ut = —QUgg = — AUy = G Ugy,

Uy = QPUggy = QP Uigy = — 0 Uy (2.41)
Let us substitute the time derivatives to Taylor serie and therefore it results in
Wiy tne1) = (g, ty) — Ataug(x;, t,) + %(LQAtQUM(:Ei, tn)
—éa3At3umxu(xi, t,) + O(AtY). (2.42)

The space derivatives will be expressed by the centered differences of the second order
of accuracy

1

Uy = E (Ui+1 - ui—l) + O(A$2)’
1
Uew = A2 (wiya — 2u; + ui—s) + O(Az?),
1

Uppxr = m (Ui+3 — 3Ui71 + 3“1'71 — Ui,3> + O(A.TQ) (243)
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Substituting these expressions to Taylor serie gives

2

up =i - % (U?H - U?fl) + % (U?H —u + u?ﬂ) -
3
g_4 (uf's — Bufpy +3uy —uf ). (2.44)

Next three-stage Runge-Kutta scheme (2.38) will be compared with this last scheme of
Lax-Wendroff type (2.44). From this comparing coefficient a;; can be chosen as 1 then the
scheme of second order of accuracy in the time will be obtained.

The stability of three-stage Runge-Kutta by the spectral analysis will be investigate.
Let us set

ul' = \"efhe (2.45)

where symbol (Z = y/—1) is the complex unit, « € (0,27) is a frequency. Let us substitute
(2.45) to the eq. (2.38) therefore

A\ Tia _ yn Tia _ % ()\neI(iJrl)a o )\neI(ifl)a)

+ay (%) ()\neI(H—Q)a . 2/\nel'wz + /\neI(z—2)a)
3 ) ) ) )
—apa (%) ()\neI(H-S)oc . 3)\7161(24-1)04 + 3)\7161(2—1)04 . )\nel'(z—i%)oz) ] (246)

Dividing (2.46) by A"eZ* and using two expressions

eIa + e—Ia eIa o e—Ia

cosa=——(p—, sina = —a7 (2.47)

it results in
o\2 A
A = 1l—0Zsina— 2 <§> (1 —cos2a) — apq <§> (2Z sin 3ar — 67 sin «v)

o\ 2 o\3

= 1—0Zsina — 4oy (§> sin? o + 8o (E) T sin® o

2
= 1—4du (%) sin? a — Zosin a(1l — o?apay sin® ). (2.48)
From the condition |A| < 1 can be obtained
201 — 1 > o?sin® a(a? — 2apa; + ajaio®sin® a). (2.49)

If the coefficient «; is chosen as % the scheme is of the second order of accuracy in the
time. Hence

1 1
0 > o*sin® a<é_l — o + Zaéﬁ sin® o). (2.50)
The maximal value of sinus function will be taken then
1 1
0>~ —ag+-ajo’. (2.51)

4 4
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If the coefficient oy is equal to % then |o| < 2 and from the definition of the value o it

follows A
At <227 (2.52)
|al
and the result of this analysis is that three-stage Runge-Kutta method is of second order
of accuracy in the time and of second order of accuracy in the space.
By the analogous way can be proofed by the same analysis that the condition of stability

for the equation with two space variables

u + aug + bu, =0, (2.53)
is defined by the expression
2
At < ——. (2.54)
lal 4 JbL
Az Ay

For the equation with the convection and the dissipation
Up + AUy = Vlgy, (2.55)

the stability condition has the form

At<— 2 (2.56)

= la 4 20
Ax + Ax?

Let us consider the system of one dimensional Euler equation
W+ F; =0, (2.57)

where W is the vector of the unknown variables and F(WW) is the numerical flux

W:(i), Fcz(ujjrp). (2.58)

For the spectral analysis the kvasilinear form of the system will be used
W, + AW)W, =0, (2.59)

where A(W) = 0F°/OW. It can be proofed that the eigenvalues of the matrix A (matrix

2x2) are § + \/“f + 1. It’s possible to transformate the matrix A to the diagonal form

A= RAR™, where A = diag(\, \2). Hence,
W, + RAR™'W, = 0. (2.60)

This is the system of the scalar equations and therefore this system can be numerically
solve by the applying the numerical scheme on the every equation.
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In this work three-stage Runge-Kutta scheme is used. For the system of Euler equations
(2.57) with (2.58) it has the form

WZ(O) = Wz‘na

(r) ) At (r—1) (r=1)
Wi = Wi — Q1 AT [F<Wi+1 - F(VVi—l )) ) (2-61)
Wt = r=1,....3.

The stability condition of this system will be investigated as for scalar case. Therefore

let us rewrite the eq. (2.48) to the matrix form (o = £%)

1 1
G(a,0) = I —AZosina — §A202 sin? a + ZA3IJ3 sin® o =
1 1
= R|I—-Alosina — EAQJQ sin? a + ZLA3103 sin®a| R7Y, (2.62)
where matrix G is the matrix 2x2. The eigenvalues of the matrix G are
: Ly .o L3
fir=1—-MNIsina— 5)\1 sin” a + Z)\llsm a,
1 1
fBo=1—NZTsinaw — 5/\3 sin? a + Zz\glsing a, (2.63)

where i, Ay are the eigenvalues of the system of Euler equations. Therefore the spectral
radius of the matrix G is

1 1 1
pg = I+ pio®sin® a + Zpﬁ,a‘* sin® v + 1—6,0?406 sin® o — p%4o?sin® a — §pj1404 sin® a. (2.64)

The scheme is stable if the norm ||G(a, 0)|| < 1. The spectral norm will be used and
therefore the stability condition for the system of Euler equations (2.57) with (2.58) will

be obtained in the form

olpal <2, (2.65)
therefore the similar condition as for the case of the scalar equation
CFL
At < P (2.66)

As for the scalar equation three-stage Runge-Kutta scheme with the coefficients oy = %,
ap = %, a9 = 1 is of second order of accuracy in the time and in the space. And this method
is stable for CFL = 2.

If the system of Navier-Stokes equations in one dimensional is considered the condition

of stability is obtained in the form

CFL
-

Até PA 2
As T Reda?

(2.67)
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The stability conditions can be expanded into two and three dimensional case for the
system of Navier-Stokes equations (1.23) - (1.26) for 2D case and (1.29) - (1.31) for 3D
case resp. Hence, the time step for the linearized system of Navier-Stokes equations in 2D
case is expressed in the form

FL
At < ¢ (2.68)
B+ g (ot o)
and for 3D case resp.
CFL
At < (2.69)

L+L+L+Re (Az2+Ay2+Az>

where pa, pp and pc resp. are the spectral radii of Jacobi matrices A = OF</d(RsW),
B = 0G°/d(RsW) or C = OH/O(RsW) resp. in the space directions x,y or z resp. The
symbol CFL is Courant-Friedrichs-Levy number and for three stage Runge-Kutta scheme
with used coefficients is equal to 2.

2.4.1 Time Step

The system of Navier-Stokes equations for the generalized Newtonian fluids in two di-
mensional case (1.37) - (1.46) and three dimensional case (1.47) - (1.54) resp. is considered
in this work. The multistage Runge-Kutta scheme is used as the explicit scheme. This
scheme is conditionally stable, it means that the time step is limited.

In the previous section the time step was evaluated for the system of Navier-Stokes
equations for two and three dimensional Newtonian fluids flow. These two expressions
are for the uniform ortogonal mesh used for 2D or 3D cases. (And also these expressions
valid for the method of the finite differences.) These time evaluations for the finite volume
method and for the non-uniform non-ortogonal mesh can be expanded.

Therefore for two dimensional case of the viscous generalized Newtonian fluids flow the

time step is
VD2 r [ (Ax)2+(Ay)?
palyi + ppAm; + 2 Rre <( 2 ;( ) )

index ¢ represents the position of the finite volume cell, index [ symbolizes the index of one
of the edges coresponds to the finite volume cell D;. The volume of this cell is denoted
by the symbol p;. Re is Reynolds number defined as Re = UVL and CFL is Courant-
Friedrichs-Levy number and for three-stage Runge-Kutta scheme is equal to 2. Ax; and
Ay, are the lengths of the [th-edge of the cell D; in the x and y direction. The term
VtrD? " is non-Newtonian viscosity, eq. (1.42).

In 3D case the time step is evaluated by the expression
o/ trp? r ((Ayzl)2+(szl)2+(Aacyl)2) ’

palyz + ppArz + peAay + = po ™

At = min

, (2.70)

At = min

(2.71)
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index ¢ denotes the position of the finite volume cell in 3D domain. Index [ presents the
index of the wall between two neighbouring cells for the finite volume cell D; its volume
is denoted by the symbol p;. Reynolds number for three dimensional case is defined by
the formula Re = gi‘g} , the CFL number is the same as for 2D case. The term VtrD? " is
non-Newtonian viscosity, eq. (1.42).

Axy; is the volume of the [-edge in the zy plain, Azz; is the volume of the [-edge in

the xz plain, Ayz; is the volume of the [-edge in the yz plain.

2.4.2 Convergence

An iteration process is controled by the change of the residual. The global behaviour
of the solution during the computational process is followed by the L? norm of the steady
residual. It is given by

n 1 Win+1 - VVzn ?

i

All the operations carried out with the vector of conservative variables W are considered
componentwise. The computation is performed until the value of the L*-norm of residual
satisfy Res(W/*) < ¢ with € small enough (M N denotes the number of grid cells in the
computational domain)

The decadic logarithm of ||[Res(W")|; is plotted in graphs presenting convergence
history of simulations.

2.5 Unsteady Computation

This section deals with the numerical solution of laminar incompressible viscous flow
through the branching channel. Two approaches are used for the numerical solution of
unsteady governing Navier-Stokes equations. First, the artificial compressibility method is
applied. Second the dual-time stepping method are used in this section.

2.5.1 Artificial Compressibility Method

The principe of this method is to complete the continuity equation by the term [%pt
as for steady solution. The systems of equations (1.37) - (1.46) for generalized Newtonian
fluid in two dimensional case represent the mathematical model of unsteady flows. The
definition of the matrix Ry for 2D case were defined in (2.18). The artificial compressibility
coefficient [ is chosen as big positive value, ideally f — oo.

The boundary conditions are changed to the unsteady boundary conditions (see Fig.
2.8). In the inlet and in the wall the same boundary conditions are used as for steady case.
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In the outlet in one of the branch the constant pressure value is set. In the second branch
the pressure value is prescribed by the periodic function

1 1
Por = 7 (1 t3 Sin(wlﬁ)) : (2.73)

where w is the angular velocity and it’s defined as w = 27 f, where f is the frequency.

(u, V)= (0, 0) WM
wall (u,v)=(0,0) wall

(uv) wall (u,v) = (0, 0)

inlet (u,v)=(0,0) inlet outlet
wall  (u,v)= @x\ (u,v) p
outlet

wall (u,v)=(0,0)
p

pOl

outlet Pa1 outlet

Figure 2.8: Consider domain and unsteady boundary conditions

2.5.2 Dual Time Stepping Method

Other possibility to obtain unsteady solution is to introduce artificial time 7 and to
apply the artificial compressibility method in the artificial time. The dual time stepping
approach is know to be the pseudo-compressibility method to the calculation of unsteady
incompressible flows (see [26], [8], [27], [28]). The system of Navier-Stokes equations (1.37) -
(1.46) is used as the mathematical model for the dual time stepping method for generalized
Newtonian fluids. These systems can be extended to unsteady flows by adding artificial
time derivatives 0W/Ot to all equations. Applying the artificial compressibility approach
only to the pseudo-time 7, then the physical time behaviour is not influenced as long as
the solution converges in the pseudo-time to a “steady state” for each physical time t. The
new system of Navier-Stokes equations now reads

» T c c 1 v v
RsW. +RW; + F; + G}, = @(Fx +Gy), (2.74)
with
) 000 ) 7 00
R=|010 ], Rs = 0 10 (2.75)
0 01 0 01

and § € R* is a constant. The vector W and the inviscid fluxes F¢, G¢ are given by (1.38)
and the viscous fluxes FV,G" by (1.39) - (1.46) for generalized Newtonian fluids. If the
term W, converges to zero (9p/07, Ou/dT,0v/0T — 0), the original system of the equations
(1.37) is solved. Setting R = 0 provides a system of differential equations appropriate for
solving steady state problems.
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If derivatives with respect to the real time ¢ are discretized using a three-point backward
formula, it results in the explicit scheme

= Wit —wy L pSWE AW 4 Wit

: ;= 2.
R; A R AL + Res(W)? =0, (2.76)
where At = "1 — ¢" and Res(W); is the steady residual where the steady residual
1 1
Res(W); = | Ff — —F G; — =—G | . 2,77
sty= (7o) + (0 or) 2.77)

This backward differencing scheme is strongly stable and dissipative. We can express
WPt from the eq. (2.76)
_ Wt W - 3WY — AW+ Wit

Ry——4- =R oAt

This method is of the second order of accuracy in the time. Res(W}) is the unsteady
residual. The superscript n denotes the real time and the index v is associated with the
pseudo-time.

The integration in pseudo-time can be carried out by explicit multistage Runge-Kutta
scheme. If the index v is the index associated with pseudo-time, this scheme can be written

in the form

— Res(WY) = —Res(W}). (2.78)

Wz‘(O) _ W;/)
W = w9 —a,_ A7 Res(W)", (2.79)
I/I/Z,V—’—l = Wl(m) T = 17 e ,m,

here the coefficients are chosen as for steady case: ag = a1 = % and as = 1. The real-time
step At is chosen to ensure the adequate time accuracy.

2.5.3 Time Step and Convergence

The dual-time step A7 is estimated using formula 2.70. Furthemore, to prevent stability
problems when the dual-time step A7 is large compared to the real one At, the dual-time
step is limited so that AT < 2At/3.

We assume that the numerical solution at the real-time ¢" is known. We set W»=0 = W
then the iterations using Runge-Kutta scheme (2.79) are performed until the condition

v 1 WZ}/+1_VVZ}/ ?
[Res(W)|| 2 = MNZ( o ) <e (2.80)

is satisfied for the small positive constant e.

When the condition (2.80) is satisfied for particular dual time v then W;"t! = W+t
Then we shift the index v one up, i.e. n =n+ 1 then the new iteration process at the new
time level "+ = " + At with new values W' = W W = W"*! can be started.
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Numerical Results

In all case upstream velocity is % = gf = 1 there isolines of velocity in the field are

compared to ¢ = y/u? + v = 1, similarly for pressure, where p = 1/—'2]00 = 0.5. One can
also see very good convergence in the logarithmic norm, there all steady computations are
really steady.

Comparisons are considered in the following form:

a) 2D Newtonian fluids flow with increasing Reynolds number (Re) (increasing upstream
physical velocity Us) - steady solutions in the same geometry.

b) 2D non-Newtonian fluids flow with increasing Re - steady solutions in the same
geometry.

¢) 2D comparison of the flows in the same geometry, same Re but for Newtonian and
non-Newtonian fluids flow.

d) 3D similar comparison.

Then one can see smaller or higher changes flow field characteristics (pressure, velocity,
separation region, ...)

3.1 Two Dimensional Steady Solutions of Newtonian
Fluids

In this section, two dimensional numerical results of incompressible laminar viscous
flows for Newtonian fluids are presented and compared. Numerical simulations were per-
formed for two dimensional branching channels with one entrance and two exit parts. The
steady boundary conditions are used for the steady state solutions.

The numerical results are shown for several shapes of the domain. The different values
of Reynolds number were used for comparing pressure and velocity isolines for used domain.

Several shapes of the domain were tested. First shape of the domain is the branching
channel in the shape T with the angle 30 degrees. Second domain is the channel with the
angle 90 degrees. Third used domain is symmetric branching channel (shape Y) with the
angle 20 degrees. Last domain is the nonsymmetric channel with two angles 20 and 30
degrees.

33
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For all shapes of the domain pressure and velocity isolines are compared for the different
values of Reynolds number. Three values of Reynolds number are used: Re = 200, Re =
400 and Re = 600.

The figures are organized as follows: first, series of three figures in the form of the
pressure isolines are presented (figures 3.1, 3.6, 3.11 and 3.15), next series of the figures in
the form of the velocity isolines are shown (figures 3.2, 3.7, 3.12 and 3.16), third series of
the figures show the graphs of the convergence history of the numerical simulations (figures
3.3, 3.8, 3.13 and 3.17). Last series of the figures shows the nondimensional velocity profile
of velocity component u as the function of y (for T geometry also the velocity profile of v
velocity component as the function of z) (figures 3.5, 3.10, 3.14 and 3.18).

In the figures 3.4 and 3.9 the details of the separation regions in the vector form are
presented. The considered domain is the branching channel in the T geometry with the
angle 30 and 90 degrees.

In this section, numerical results for higher Reynolds number (Re = 400, Re = 600) are
nearly identical while numerical result for small Reynolds number (Re = 200) differs from
these results. It is obvious from all series of the figures. For Re = 200 the maximal values
of the pressure are higher (almost 1.5 times) while for Re = 400 and for Re = 600 these
maximal pressure values are the same. Also from the history of the convergence and from
the nondimensional velocity profiles it can be seen the differences between small Reynolds
number (Re = 200) and higher values (Re = 400 and Re = 600).
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Figure 3.1: Pressure isolines of Newtonian fluids flow in 2D branching channel with the
angle 30 degrees - a) Re = 200 - b) Re = 400 - ¢) Re = 600
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Figure 3.2: Velocity isolines of Newtonian fluids flow in 2D branching channel with the
angle 30 degrees - a) Re = 200 - b) Re = 400 - ¢) Re = 600
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Figure 3.3: The convergence history of Newtonian fluids flow in 2D branching channel with
the angle 30 degrees - a) Re = 200 - b) Re = 400 - ¢) Re = 600



CHAPTER 3. NUMERICAL RESULTS

7 v 7
T 7 7/ 7/ 7
727 777 P L A4 £ 4
7/ 7/ v/ 7 7 7 v 7 7
7 /7 v 7T ST 3 N a1 T T T A
7 1/ T 7 “ 94 4 /1 17 7
7 1/1 /71 7/ 7 £ 4 v v/
- 1/ 71 s b g S S 1 1
7 7 /1 /1 1/ 7, £ ox 5 4 7
z 7 7 A7 k4 i/ x> > 1« A
- > z—7 791 1 > = > 1/ 1
= > v 1 /1, > y_ 1 A,
> > > > ¥ ¥ > > owx > > > = L S S e e e G ——
T > > > > > > > e > e - > > > > > > > > e -
> > > > > > > > > > > > = > - > > > > > > > > > > > > >
- > > > > > > > > > > > = = = -~ > > > > > > > > > > > = = =
(a) Re = 200 (b) Re = 400
i/
7/ 7/ 7
v /7 /7 2
7 L4
AN a1/ 1/ 7T 7
< 4 S S 7 T
£\ 7 v
4 <2 4 /4 1 71 /7
Ak44444
£V > 94 1 /7,
vV >~ > 4 4
> > > v/ 41
-7 A
A s

I e e S I = e T
> > > > > P P P > > P> > > > —>

-~ > > > > > > > > > —> = = =

(c) Re = 600

Figure 3.4: The details of separation in the vector form for Newtonian fluids flow in 2D
branching channel with the angle 30 degrees - a) Re = 200 - b) Re = 400 - ¢) Re = 600
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Figure 3.5: Nondimensional velocity profile of velocity component u as the function of y
in the main channel and the velocity profile of velocity v as the function of x in the small
branch of 2D branching channel with the angle 30 degrees
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Figure 3.6: Pressure isolines of Newtonian fluids flow in 2D branching channel with the
angle 90 degrees - a) Re = 200 - b) Re = 400 - ¢) Re = 600
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Figure 3.7: Velocity isolines of Newtonian fluids flow in 2D branching channel with the
angle 90 degrees - a) Re = 200 - b) Re = 400 - ¢) Re = 600
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Figure 3.8: The convergence history of Newtonian fluids flow in 2D branching channel with
the angle 90 degrees - a) Re = 200 - b) Re = 400 - ¢) Re = 600
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Figure 3.9: The details of separation in the vector form for Newtonian fluids flow in 2D
branching channel with the angle 90 degrees - a) Re = 200 - b) Re = 400 - ¢) Re = 600



CHAPTER 3. NUMERICAL RESULTS 44

1.2 L 12 I
b Re = 200 s Re = 200
L Re = 400 i Re = 400
o8k Re =600 sl Re =600
s I s b
06 06
04l H 04k H
o2 ‘ | 02} ‘ | ‘
0 1 1 L 1 1 0 1 1 1 1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
y y
(a) (b)

02
015 |
01|

005 |

Figure 3.10: Nondimensional velocity profile of velocity component u as the function of y
in the main channel and the velocity profile of velocity v as the function of x in the small
branch of 2D branching channel with the angle 90 degrees
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Figure 3.11: Pressure isolines of Newtonian fluids flow in 2D symmetric branching channel
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Figure 3.12: Velocity isolines of Newtonian fluids flow in 2D symmetric branching channel
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Figure 3.13: The convergence history of Newtonian fluids flow in 2D symmetric branching
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Figure 3.14: Nondimensional velocity profile of velocity component u as the function of y
in 2D symmetric branching channel with the angle 20 degrees
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Figure 3.15: Pressure isolines of Newtonian fluids flow in 2D nonsymmetric branching
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Figure 3.16: Velocity isolines of Newtonian fluids flow in 2D nonsymmetric branching
channel with the angles 20 and 30 degrees - a) Re = 200 - b) Re = 400 - ¢) Re = 600
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Figure 3.17: The convergence history of Newtonian fluids flow in 2D nonsymmetric branch-
ing channel with the angles 20 and 30 degrees - a) Re = 200 - b) Re = 400 - ¢) Re = 600
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Figure 3.18: Nondimensional velocity profile of velocity component u as the function of y
in 2D nonsymmetric branching channel with the angles 20 and 30 degrees



CHAPTER 3. NUMERICAL RESULTS 93

3.2 Three Dimensional Steady Solutions of Newto-
nian Fluids

The numerical results of three dimensional incompressible laminar viscous flows for
Newtonian fluids are presented and compared. Numerical simulations were performed for
three dimensional branching channels with one entrance and two exit parts. The steady
boundary conditions are used for the steady state solutions.

The numerical results are shown for two geometries of the domain. Two different
values of Reynolds number were used for comparing pressure and velocity isolines for these
domains.

Two shapes of the domain are used. First, the branching channel in the shape T with
the angle 90 degrees is considered, second, the symmetric branching channel with the angle
20 degrees is used. Numerical results are compared for two different values of Reynolds
number in the form of the pressure isolines (figures 3.21 and 3.28) and in the form of the
velocity isolines (figures 3.22 and 3.29). Two values of Reynolds number are tested: Re
= 200 and Re = 400. The figures 3.23 and 3.30 show the cuts through the main channel
and the small branch resp. in the form of the velocity isolines. In the small picture the
position of the cuts is sketched.

History of the convergence for both tested domains are compared for both values of
Reynolds number (figures 3.24, 3.31). In the figures 3.25 and 3.32 the velocity profiles of
the velocity component u, v as the function of the y, x are presented.

In this section the numerical simulations for two different Reynolds number (Re = 200
and Re = 400) and for two different geometries of the domain were compared. It follows
the same conclusion as for two dimensional testing (in this case there is not third tested
Reynolds number), there are the differencies between small Reynolds number (Re = 200)
and higher Reynolds number (Re = 400). The main differencies can be seen in the figures
3.21 and 3.28 (the pressure isolines) and 3.24 and 3.31 (the history of the convergence).
For the pressure isolines the maximal pressure value is higher for smaller Reynolds number
(as for 2D cases) and the convergence of the variables is slower than for higher Reynolds
number.
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(a) Re = 200

(b) Re = 400

Figure 3.19: Pressure isolines of Newtonian fluids flow in 3D branching channel with the
angle 90 degrees - a) Re = 200 - b) Re = 400
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(a) Re = 200

(b) Re = 400

Figure 3.20: Velocity isolines of Newtonian fluids flow in 3D branching channel with the
angle 90 degrees - a) Re = 200 - b) Re = 400
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Figure 3.22: Velocity isolines of Newtonian fluids flow in 3D branching channel with the
angle 90 degrees - a) Re = 200 - b) Re = 400
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(b) Re = 400

Figure 3.23: Cuts through the main channel and through the small branch - a) Re = 200
- b) Re = 400
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Figure 3.24: History of the convergence - a) Re = 200 - b) Re = 400
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Figure 3.25: Nondimensional velocity profile of velocity component u as the function of y



CHAPTER 3. NUMERICAL RESULTS 60

(a) Re = 200

(b) Re = 400

Figure 3.26: Pressure isolines of Newtonian fluids flow in 3D symmetric branching channel
with the angle 20 degrees - a) Re = 200 - b) Re = 400
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(a) Re = 200

(b) Re = 400

Figure 3.27: Velocity isolines of Newtonian fluids flow in 3D symmetric branching channel
with the angle 20 degrees - a) Re = 200 - b) Re = 400
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Figure 3.28: Pressure isolines of Newtonian fluids flow in 3D symmetric branching channel

with the angle 20 degrees - a) Re = 200 - b) Re = 400
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Figure 3.29: Velocity isolines of Newtonian fluids flow in 3D symmetric branching channel

with the angle 20 degrees - a) Re = 200 - b) Re = 400
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(a) Re = 200

(b) Re = 400

Figure 3.30: Cuts through the main channel and the branches - a) Re = 200 - b) Re = 400
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Figure 3.31: History of the convergence
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3.3 Two Dimensional Steady Solutions of Non-New-
tonian Fluids

Two dimensional numerical results of incompressible laminar viscous flows for non-
Newtonian fluids are presented and compared with numerical solutions of Newtonian fluids.
Numerical simulations were performed for two dimensional branching channels with one
entrance and two exit parts. The steady boundary conditions are used for the steady state
solutions.

First part of this section is concerned on the testing of the three different values of the
power-law index 7 (eq. (1.42)) (r = 0.2, r = 0.5 and r = 0.8) for higher Reynolds number
(Re = 900).

Second part is concerned on the comparing Newtonian fluids flow with the shear thicken-
ing non-Newtonian fluids flow for one value of Reynolds number Re = 600. The power-law
index r are chosen as follows: r = 0.5

As for Newtonian fluids flow (section 3.1), the pressure and the velocity isolines are
shown for the tested domain and the tested values of the power-law index r. The used
domain is the branching channel in the shape T with the angle 90 degrees. Histories of the
convergence for numerical results are presented.

In the first part of this section it results that with increasing the power-law index r
the pressure value increases. The velocity isolines are similar. Also the convergence of the
unknowns is slower with increasing constant r.

In the last part the same conclusion can be done. The maximal pressure value is higher
for non-Newtonian fluids flow (r = 0.5) than for Newtonian fluids flow (agree with r = 0).
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Figure 3.33: Pressure isolines of shear thickening non-Newtonian fluids flow in 2D branch-
ing channel for the different values of the power-law index r - a) r = 0.2 - b) r = 0.5 - ¢)

r=20.8



CHAPTER 3. NUMERICAL RESULTS 68

velocity

0.10.2030405060.70809 1 1112

velocity

0.1020.30405060.70809 1 1112

velocity

0.10.20.30405060.70809 1 111213

Figure 3.34: Velocity isolines of shear thickening non-Newtonian fluids flow in 2D branching
channel for the different values of the power-law index r -a) r =0.2-b) r =0.5-¢) r =0.8
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Figure 3.38: Velocity isolines of Newtonian fluids flow versus shear thickening non-
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3.4 Three Dimensional Steady Solutions of Non-New-
tonian Fluids

Three dimensional numerical results of incompressible laminar viscous flows for non-
Newtonian fluids are presented and compared with numerical solutions of Newtonian fluids.
Numerical simulations were performed for three dimensional branching channels with one
entrance and two exit parts. The steady boundary conditions are used for the steady state
solutions.

This section is concerned on the comparing of the Newtonian and shear thickening
non-Newtonian fluids flow. The value of the power-law index r for non-Newtonian fluids
flow is equal to 0.5. Reynolds number for the comparing is chosen as 400.

From the figure 3.43 it results that the maximal pressure value is higher for non-
Newtonian fluids flow than for Newtonian fluids flow. Also the maximal velocity value is
higher for non-Newtonian than for Newtonian fluids flow. It follows from the characteri-
zation of the considered fluids. If constant r (power-law index) is close to the value 1, the
pressure is increasing in the inlet part. The same conclusion were done for two dimensional
case. In that section three value of power-law index were tested. And it could be seen that
with increasing r the pressure increased. In this section only one value of power-law index
was tested but the same observation can be done.
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(a) Newtonian

(b) non-Newtonian

Figure 3.41: Pressure isolines of Newtonian fluids flow versus shear thickening non-
Newtonian fluids flow with Re = 400 - a) Newtonian - b) non-Newtonian
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(a) Newtonian

(b) non-Newtonian

Figure 3.42: Velocity isolines of Newtonian fluids flow versus shear thickening non-
Newtonian fluids flow with Re = 400 - a) Newtonian - b) non-Newtonian



CHAPTER 3. NUMERICAL RESULTS 7

pressure E
—0.3 X
0.3040506070809 1 1.11.2
0.3
)z
S 04

o
&
05

(a) Newtonian

B[ [ [ e L

p: 0.30.405060.70809 1 1.11.21.31.41.51.9

g/ %
: 078
/1/%.5 0-6 N 0.6 5 g

1.1
1.4 1 ol9 0 07

1.3
1.2

(b) non-Newtonian

Figure 3.43: Pressure isolines of Newtonian fluids flow versus shear thickening non-
Newtonian fluids flow with Re = 400 - a) Newtonian - b) non-Newtonian
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Figure 3.44: Velocity isolines of Newtonian fluids flow versus shear thickening non-
Newtonian fluids flow with Re = 400 - a) Newtonian - b) non-Newtonian
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(b) non-Newtonian

Figure 3.45: Cuts through the main channel and through the small branch of Newtonian
fluids flow versus shear thickening non-Newtonian fluids flow with Re = 400 - a) Newtonian
- b) non-Newtonian
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Figure 3.46: History of the convergence of Newtonian fluids flow versus shear thickening
non-Newtonian fluids flow with Re = 400 - a) Newtonian - b) non-Newtonian
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3.5 Two Dimensional Unsteady Numerical Solutions
of Newtonian Fluids

In this section, unsteady numerical results of incompressible laminar viscous flows for
Newtonian fluids flow are presented and compared. The unsteady boundary conditions
are used for the unsteady simulation. The tested domain is the branching channel in the
shape T with the angle 90 degrees.

Two unsteady methods are used for unsteady computations. The artificial compress-
ibility method and the dual-time stepping method are considered.

First part of this section is concerned on the comparing these two methods. Second
part is concerned on the testing two parameters in the unsteady numerical simulation:
Reynolds number and the frequency by artificial compressibility method.

The pressure outlet value in the small branch is evaluated with respect to formula (2.73)

- i (1 + % sin(wt)> , (3.1)

where w is the angular velocity and it’s defined as w = 27 f, where f is the frequency.

In the first part for both unsteady methods the frequency f is equal to 2Hz (using in the
nondimensional value) and the artificial compressibility coefficient (3 is set to the value 10
(8 2 =100). In the figure 3.48 the curve of the pressure as the function of the time is plotted
with the symbols for positions of five numerical results for the artificial compressibility
method - green color and dual-time stepping method - blue color. In the figure 3.49 graphs
of the velocity as the function of the time are plotted for both methods. By the blue
symbols the positions, where the numerical results are shown, are sketched. These five
numerical results are presented in the figure 3.50 for the artificial compressibility method
and in the figure 3.51 five numerical results during one period of the pressure function
are shown for dual-time stepping method. The results presented are for non-dimensional
real-time At = 0.02. In the figure 3.52 the history of the decadic logarithm of the L2
norm of the steady residual in real time for the numerical simulation performed with the
use of artificial compressibility method is shown. It reflects the periodic behaviour of the
flow in real time by means of periodic residual oscillations. In the figure 3.53 the decadic
logarithm of the L? norm of the unsteady residual by the dual-time stepping method is
presented.

Last part of this section is devoted to the testing of Reynolds number and to the testing
of the frequency by the artificial compressibility method.

In the figures 3.54 - 3.57 the testing of Reynolds number is presented. Three values of
Reynolds number are used: Re = 600 (figure 3.50), Re = 800, Re = 1000. The artificial
compressibility method is used for this testing. The frequency is equal to 2Hz and artificial
compressibility coeficient 3 is equal to 10 (8 2 = 100). In the figure 3.58 the history of
the decadic logarithm of the L? norm of the steady residual in real time for the numerical
simulation is presented.

In the figures 3.59 - 3.62 the test of the frequency is shown. Three values of frequency
are used: f = 2Hz (figure 3.50), f = 10Hz, f = 20Hz. The artificial compressibility method
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is used for this testing. The Reynolds number is equal to 600 and artificial compressibility
coeficient 3 is equal to 10 (3 2 = 100). In the figure 3.63 the history of the L? norm of the
steady residual in real time for the numerical simulation is shown.

It results that with increasing frequency the amplitude of the velocity decreases. For
the test of Reynolds number it follows that for increasing Reynolds number the amplitude
of the velocity is nearly identical.
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Figure 3.48: The graph of the pressure as the function of the time in the outlet of the
domain - artificial compressibility method - green - dual-time stepping method - blue
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Figure 3.49: The graph of the velocity as the function of the time in the outlet of the
domain - a) artificial compressibility method - b) dual-time stepping method
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Figure 3.50: Unsteady numerical results during one period by artificial compressibility
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Figure 3.51: Unsteady numerical results during one period by dual-time stepping method
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Figure 3.54: The graph of the pressure as the function of the time in the outlet of the
domain - Re = 600 - blue, Re = 800 - cyan, Re = 1000 - green
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Figure 3.55: The graph of the velocity as the function of the time in the outlet of the
domain - a) Re = 600 - b) Re = 800 - ¢) Re = 1000
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(e) time t =12.5 s

Figure 3.56: Unsteady numerical results during one period by artificial compressibility
method with Re = 800 - a) time 12.0 s - b) time 12.1 s - ¢) time 12.2 s - d) time 12.4 s -
e) time 12.5 s
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(e) time t =21.0 s

Figure 3.57: Unsteady numerical results during one period by artificial compressibility
method - with Re = 1000 - a) time 20.5 s - b) time 20.6 s - ¢) time 20.7 s - d) time 20.9 s
- e) time 21.0 s
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Figure 3.58: Decadic logarithm of the L? norm of the steady residual in real time by
artificial compressibility method in the branching channel for different Reynolds numbers
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Figure 3.59: The graph of the pressure as the function of the time in the outlet of the
domain with different frequency f - f = 2Hz - blue, f = 10Hz - cyan, f = 20Hz - green
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3.6 Two Dimensional Steady Solutions of Newtonian
Fluids - Test of the Meshes

In this section the numerical solution of Newtonian fluids flow in three types of the
meshes are tested. The using type of the domain is the branching channel in the shape T
with the angle 90 degrees. First mesh is with the step of the mesh A = 0.05 (2700 cells),
second mesh is with the step h; = 2 = 0.025 (10800 cells) and the last mesh is with the
step hy = 2 = 0.0125 (43200 cells).

Reynolds number for this computations is set to be 400. The numerical solutions are
compared for these three meshes in the form of the pressure isolines (figure 3.65) and
the velocity isolines (figure 3.66). The history of the convergence for all tested cases are
presented (figure 3.64).

-2
-4 I
rezp [ rezp
h rez u Rl rez u
=] S L
S rezv S | rezv
0 - N -8
4 e°f
- lO:
12:
14 N
“‘l““lb‘?‘x‘.rr‘xu L. oy T
0 20000 . 40000 60000 800( 0 100000 . 200000 300000 400(
iterations iterations
(a) h =0.05 (b) h = 0.025

ol

residual

TETIR N [ ST INY SAAN NI ST SO Y ST SAN I SUEN S S
0 500000 1E+06 15E+06 2E+06 2.5E+06
iterations

(¢) h =0.0125

Figure 3.64: The convergence history of Newtonian fluids flow in the branching channel
with the angle 90 degrees - a) h = 0.05 - b) h = 0.025 - ¢) h = 0.0125
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Conclusions

A finite volume solver of two and three dimensional incompressible laminar viscous flows
for simulation of Newtonian and non-Newtonian shear thickening fluid flows in the branch-
ing channel with one entrance and two exit parts was developed and implemented. The
method was applied for several different types of channel configurations. For generalized
Newtonian fluids flow case the simple power-law model was used.

The numerical modelling were computed for several different values of power-law index
r. First value r = 0 was used for the case of Newtonian fluids. The values r = 0.2, r = 0.5
and r = 0.8 were used for the numerical computations of non-Newtonian shear thickening
fluids flow.

Explicit Runge-Kutta numerical method for solving steady state flows for two dimen-
sional case are presented together with detailed description of time step restriction and
simulations convergence condition. This method in conjuction with the artificial compress-
ibility method was used for numerical modelling of two and three dimensional branching
channels. The numerical results are compared with the same characteristic parameters,
e.g. Reynolds number using constant viscosity of Newtonian fluids, initial boundary con-
ditions. The convergence history confirms the robustness of the method used. For steady
state numerical modelling the steady state boundary conditions were used.

Two approaches were considered for numerical simulation of unsteady governing equa-
tions with the unsteady boundary conditions. First, the artificial compressibility approach
with the periodic pulsation of the outlet pressure value was used in this work. And second,
the dual time stepping method was used for the unsteady numerical computation.

The future steps are to continue in the unsteady numerical computations for three di-
mensional branching channel and to develop and implement semiimplicit numerical scheme
for unsteady numerical modelling.
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